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*?°! 1 Introduction 

> 



Let n and d be coprime positive integers, and define M.(n,d) to be the moduli space of 
(semi)stable holomorphic vector bundles of rank n, degree d and fixed determinant on a 
compact Riemann surface E. This moduli space is a compact Kahler manifold which has 
been studied from many different points of view for more than three decades (see for instance 



Narasimhan and Seshadri 1965 0, |41|). The subject of this article is the characterization of 
the intersection pairings in the cohomology ringj] H*(Ai(n,d)). A set of generators of this 
ring was described by Atiyah and Bott in their seminal 1982 paper || on the Yang-Mills 
equations on Riemann surfaces (where in addition inductive formulas for the Betti numbers 
of A4(n,d) obtained earlier using number-theoretic methods |T^, were rederived). By 
Poincare duality, knowledge of the intersection pairings between products of these generators 
(or equivalently knowledge of the evaluation on the fundamental class of products of the 
generators) completely determines the structure of the cohomology ring. 

In 1991 Donaldson |15[ and Thaddeus [[IT] gave formulas for the intersection pairings 



between products of these generators in H*(M.(2, 1)) (in terms of Bernoulli numbers). Then 

*This material is based on work supported by the National Science Foundation under Grant No. DMS- 
9306029, and by grants from NSERC and FCAR. 

throughout this paper all cohomology groups will have complex coefficients, unless specified otherwise. 
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using physical methods, Witten |hJ found formulas for generating functions from which could 
be extracted the intersection pairings between products of these generators in H*(Ai(n, d)) 



for general rank n. These generalized his (rigorously proved) formulas [49] for the symplectic 
volume of Ai(n, d): for instance, the symplectic volume of -M(2, 1) is given by 

vo>(M2, D) = (i - = ^fV^I (Li) 

where g is the genus of the Riemann surface, ( is the Riemann zeta function and B 2g -2 is a 



Bernoulli number (see [49, [47], [OH)- The purpose of this paper is to obtain a mathematically 



rigorous proof of Witten's formulas for general rank n. Our announcement sketched the 
arguments we shall use, concentrating mainly on the case of rank n = 2. 



The proof involves an application of the nonabelian localization principle [ftl , |50| . Let K 
be a compact connected Lie group with Lie algebra k, let (M,ui) be a compact symplectic 
manifold equipped with a Hamiltonian action of K and suppose that is a regular value of 
the moment map \i : M — > k* for this action. One can use equivariant cohomology on M to 
study the cohomology ring of the reduced space, or symplectic quotient, M red = /i -1 (0)/if, 
which is an orbifold with an induced symplectic form ujq. In particular it is shown in that 
there is a natural surjective homomorphism from the equivariant cohomology H* K (M) of M 
to the cohomology if*(M re d) of the reduced space. For any cohomology class r] G if*(M re d) 



coming from r] G H* K (M) via this map, we derived in [31] a formula (the residue formula, 
Theorem 8.1 of [|31|) for the evaluation r/o[M re d] of r] on the fundamental class of M red . 



This formula involves the data that enter the Duistermaat-Heckman formula |L7|]> and its 
generalization the abelian localization formula ^ [§], |S|] for the action of a maximal torus T 
of K on M: that is, the set T of connected components F of the fixed point set M T of the 
action of T on M, and the equivariant Euler classes e F of their normal bundles in M. Let t 
be the Lie algebra of T; then the composition fi F '■ M —>■ t* of (i : M — > k* with the natural 
map from k* to t* is a moment map for the action of T on M. In the case when K = SU (2) 
and the order of the stabilizer in K of a generic point of / u~ 1 (0) is n , the residue formula 
can be expressed in the form 

r /o e^[M rc d] = yResx=o((2X) 2 £ hP F (X)dX) (1.2) 

where the subset JF + of T consists of those components F of the fixed point set M T on which 
the value taken by the T-moment map \xt '■ M — > t* = R is positive, and for F e JF + the 
inclusion of F in M is denoted by and the meromorphic function h F of X e C is defined 
by 



^(X) 



i FV (X)e»W {F){X) f i FV (Xy 



e F (X) Jf e F (X) ■ 

when X G C has been identified with diag(27ri, —2iri)X G t ® C. Here u; is the extension 
uj + fi of the symplectic form w on M to an equivariantly closed 2-form, while as before uq 
denotes the induced symplectic form on M red . Finally Resx=o denotes the ordinary residue 
at X = 0. 

The moduli space A4(n, d) was described by Atiyah and Bott [[J as the symplectic re- 
duction of an infinite dimensional symplectic affine space A with respect to the action of an 
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infinite dimensional group Q (the gauge group) .0 However Ai(n,d) can also be exhibited as 
the symplectic quotient of a finite dimensional symplectic space M(c) by the Hamiltonian 
action of the finite dimensional group K = SU(n). One characterization of the space M(c) is 
that it is the symplectic reduction of the infinite dimensional affine space A by the action of 
the based gauge group Qq (which is the kernel of the evaluation map Q — > K at a prescribed 
basepoint: see p8[ ). Now if a compact group G containing a closed normal subgroup H acts 
in a Hamiltonian fashion on a symplectic manifold Y, then one may "reduce in stages" : the 
space H has a residual Hamiltonian action of the quotient group G/H with moment 

map Hg/h '■ fJ'H {^)/H — > (g/h)*, and //q 1 (0)/G is naturally identified as a symplectic man- 
ifold with fjLQ^ H (Q)/(G/H). Similarly M(c) has a Hamiltonian action of Q/Go — K, and the 
symplectic reduction with respect to this action is identified with the symplectic reduction 
of A with respect to the full gauge group Q . 

Our strategy for obtaining Witten's formulas is to apply nonabelian localization to this ex- 
tended moduli space M(c), which has a much more concrete (and entirely finite-dimensional) 
characterization described in Section 4 below. Unfortunately technical difficulties arise, be- 
cause M(c) is both singular and noncompact. The noncompactness of M(c) causes the more 
serious problems, the most immediate of which is that there are infinitely many components 
F of the fixed point set M(c) T . These, however, are easy to identify (roughly speaking they 
correspond to bundles which are direct sums of line bundles), and there are obvious candi- 
dates for the equivariant Euler classes of their normal bundles, if the singularities of M(c) 
are ignored. In the case when n = 2, for example, a naive application of the residue formula 
(Op, with some sleight of hand, would yield 

oo (2j+l)X 

vol(M(2, 1)) = e»°[M{2, 1)] = (-l)«Resx=oE 



2 9-2X 2 9- 2 
3=0 



= (-l)'R^° 28 - 2x2 ,-f (1 _ e2 x) = Mr'Resx=o 2a _ 1A .J 2Binh(Y) . (1.8) 

This does give the correct answer (it agrees with ( |1 . 1| ) above). However it is far from 
obvious how this calculation might be justified, since the infinite sum does not converge in 
a neighbourhood of 0, where the residue is taken, and indeed the sum of the residues at of 
the individual terms in the sum does not converge. 

These difficulties can be overcome by making use of a different approach to nonabelian 
localization given recently by Guillemin-Kalkman [23| and independently by Martin [39 



This is made up of two steps: the first is to reduce to the case of a torus action, and the 
second, when K = T is a torus, is to study the change in the evaluation on the fundamental 
class of the reduced space //y 1 (£)/T of the cohomology class induced by rj, as £ varies in t*. 
It is in fact an immediate consequence of the residue formula that if T is a maximal torus of 
K and £ G t* is any regular value sufficiently close to of the T-moment map \xt '■ M — > t*, 
then the evaluation 77 [M re d] of r] G H*(M re d) on the fundamental class of M re d = /i _1 (0)/K 
is equal to the evaluation of a related element of i/*(/x^ 1 (£)/T) on the fundamental class of 
the T-reduced space /x^ 1 (£)/T. This was first observed by Guillemin and Kalkman |23[ and 



2 To obtain his generating Junctionals, Witten formally applied his version of nonabelian localization to 
the action of the gauge group on the infinite dimensional space A. 
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by Martin f55f , who gave an independent proof which showed that r] [M re d] is also equal to 
an evaluation on 

^ 1 (0)/T=(M t n^ 1 (0))/T 

where Mj- = /z _1 (t). In our situation the space Mj- turns out to be "periodic" in a way which 
enables us to avoid working with infinite sums except in a very trivial sense. This is done by 
comparing the results of relating evaluations on (M^ n /i^ 1 (^))/T for different values of £ in 
two ways: using the periodicity and using Guillemin and Kalkman's arguments, which can 
be made to work in spite of the noncompactness of M(c). The singularities can be dealt with 
because M(c) is embedded naturally and equivariantly in a nonsingular space, and integrals 
over M(c) can be rewritten as integrals over this nonsingular space. 

In the case when n = 2 our approach gives expressions for the pairings in H*(A4(2, 1)) 
as residues similar to those in ( |1.3| ) above. When n > 2 we consider the action of a suitable 
one-dimensional subgroup T\ of T, with Lie algebra t\ say, on the quotient of ^ -1 (ti) by a 
subgroup of T whose Lie algebra is a complementary subspace to t! in t. This leads to an 
inductive formula for the pairings on H*(Ai(n, d)), and thus to expressions for these pairings 
as iterated residues (see Theorems |8.1| and |9.12| below, which are the central results of this 
paper). Witten's formulas, on the other hand, express the pairings as infinite sums over 
those elements of the weight lattice of SU (n) which lie in the interior of a fundamental Weyl 
chamber (see Section 2). These infinite sums are difficult to calculate in general, and there 



is apparently (see ]50| Section 5) no direct proof even that they are always zero when the 



pairings they represent vanish on dimensional grounds. However, thanks to an argument 
of Szenes (see Proposition |2]2| below), Witten's formulas can be identified with the iterated 
residues which appear in our approach. 

Over the moduli space Ai(n,d) there is a natural line bundle £ (the Quillen line bun- 
dle |^3[) whose fibre at any point representing a semistable holomorphic bundle E is the 
determinant line 

det<9 = dettf^E, E) ® det#°(£, E)* 

of the associated <9-operator. Our expressions for pairings in H*(Ai(n,d)) as iterated 
residues, together with the Riemann-Roch formula, lead easily (cf. Section 4 of to 
a proof of the Verlinde formula for 

dim H°{M(n, d),C k ) 



for positive integers k (proved by Beauville and Laszlo in ||, by Faltings in [p20[, by Kumar 



Narasimhan and Ramanathan in |JS| and by Tsuchiya, Ueno and Yamada in f4"8||). 

This paper is organized as follows. In Section 2 we describe the generators for the coho- 
mology ring H*(A4(n, d)) and Witten's formulas for the intersection pairings among products 
of these generators. In Section 3 we outline tools from the Cartan model of equivariant coho- 
mology, which will be used in later sections, and the different versions of localization which 
will be relevant. In Section 4 we recall properties of the extended moduli space M(c), and in 
Section 5 we construct the equivariant differential forms representing equivariant Poincare 
duals which enable us to rewrite integrals over singular spaces as integrals over ambient 
nonsingular spaces. Then Section 6 begins the application of nonabelian localization to 
the extended moduli space, and Section 7 analyses the fixed point sets which arise in this 
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application. Section 8 uses induction to complete the proof of Witten's formulas when the 
pairings are between cohomology classes of a particular form, Section 9 extends the inductive 
argument to give formulas for all pairings, and in Section 10 it is shown that these agree 
with Witten's formulas. Finally as an application Section 11 gives a proof of the Verlinde 
formula for Ai (n, d) . 

We would like to thank the Isaac Newton Institute in Cambridge, the Institute for 
Advanced Study in Princeton, the Institut Henri Poincare and Universite Paris VII, the 
Green-Hurst Institute for Theoretical Physics in Adelaide and the Massachusetts Institute 
of Technology for their hospitality during crucial phases in the evolution of this paper. We 
also thank A. Szenes for pointing out an error in an earlier version of the paper: since the 
original version of this paper was written, Szenes has obtained new results [IE] which are 
closely related to the results given in Section 11 of our paper. 



2 The cohomology of the moduli space M(n,d) and 
Witten's formulas for intersection pairings 

In order to avoid exceptional cases, we shall assume throughout that the Riemann surface 
E has genus g > 2. 

A set of generators for the cohomologyQ H*(M.{n,d)) of the moduli space M.(n,d) of 
stable holomorphic vector bundles of coprime rank n and degree d and fixed determinant on 
a compact Riemann surface E of genus g > 2 is given in by Atiyah and Bott. It may be 
described as follows. There is a universal rank n vector bundle 

O^Sx M(n,d) 

which is unique up to tensor product with the pullback of any holomorphic line bundle 
on Ai(n, d); for definiteness Atiyah and Bott impose an extra normalizing condition which 
determines the universal bundle up to isomorphism, but this is not crucial to their argument 
(see 0, p. 582). Then by |2[] Proposition 2.20 the following elements of H*(Ai(n,d)) for 
2 < r < n make up a set of generators: 

/ r = ([£], c r (u)), 

b> r = (a h e r (V)), 
a r = (1, c r (U)). 

Here, [E] 6 -^(E) and otj G -f^i(E) (j = l,...,2g) form standard bases of ^(E, Z) and 
-£/i(E,Z), and the bracket represents the slant product H N (J2 x A4(n, d)) ® -Hj(E) — > 
H N ~i (M(n, d)). More generally if K — SU{n) and Q is an invariant polynomial of de- 
gree s on its Lie algebra k = su(n) then there is an associated element of H*(BSU(n)) and 
hence an associated element of if*(E x Ai(n, d)) which is a characteristic class Q(ju) of the 
universal bundle U. Hence the slant product gives rise to classes 

(F],Q(u)) e H 2s -\M(n,d)), 

3 In this paper, all cohomology groups are assumed to be with complex coefficients. 



5 



(ay,Q(u)) G H 2s ~\M{n,d)), 

and 

(1,Q(U)) G # 2s (A4(n,d)). 

In particular, letting r r G S' r (k*)^ denote the invariant polynomial associated to the r-th 
Chern class, we recover 

/ r = ([E],r r (U)), (2.1) 
6 J r = (a is r r (u)) 

and 

a r = (l,r r (u)). 

A special role is played by the invariant polynomial r 2 = — (•, -)/2 on k given by the Killing 
form or invariant inner product. We normalize the inner product as follows for K = SU(n): 

(X,X) = -Trace(X 2 )/(4vr 2 ). (2.2) 

The class f 2 associated to — (•, -)/2 is the cohomology class of the symplectic form on A4(n, d). 

As was noted in the introduction, Atiyah and Bott identify Ai (n, d) with the symplectic 
reduction of an infinite dimensional affine space A of connections by the action of an infinite 
dimensional Lie group Q (the gauge group). They show that associated to this identification 
there is a natural surjective homomorphism of rings from the equivariant cohomology ring 
Hq(A) to H*(A4(n,d)), where Q is the quotient of Q by its central subgroup S 1 . There is 
a canonical ^-equivariant universal bundle over £ x A, and the slant products of its Chern 
classes with 1 G H (E), aij G -Hi(E) for 1 < j < 2g and [£] G H 2 (Ti) give generators of 
Hg(A) which by abuse of notation we shall also call a r , V r and f r . (In fact Hg(A) is freely 
generated by oj, . . . , a n , ■ ■ ■ , f n and ty, for 1 < r < n and 1 < j < 2g, subject only to the 
usual commutation relations.) The surjection from Q to Q induces an inclusion from Hg(A) 
to H g (A) such that 

H* g {A) H*g{A) ® H^BS 1 ) 

if we identify H*(BS l ) with the polynomial subalgebra of Hg(A) generated by a±, and 
then the generators a r , f r and \fi T for 1 < r < n determine generators of Hq-(A) and thus 
of H* ( M. (n, d) ) . These are the generators we shall use in this paper. The normalization 
condition imposed by Atiyah and Bott corresponds to using the isomorphism 

Hg(A) = H*g(A) ® H^BS 1 ) 

obtained by identifying H*(BS 1 ) with the polynomial subalgebra of Hg(A) generated by 
2{g — l)di + f 2 ; they choose this condition because it has a nice geometrical interpretation 
in terms of a universal bundle over E x Ai(n,d). 



In Sections 4 and 5 of [50], Witten obtained formulas for generating functionals from 



which one may extract all intersection pairings 



n 2g 

1107^ f[(b k /) p ^[M(n,d)}. 

r=2 kr=l 



6 



Let us begin with pairings of the form 



Y[apexpf 2 [M(n,d)]. (2.3) 



r=2 



When m T is sufficiently small to ensure convergence of the sum, Witten obtains^ 

f[a^e W MM(n,d)]=c^(-ir^( £ £^^gl ) , 

r = 2 Wa™ nt+ ^ ' ' 



(2.4) 



where 



#ni(AT') v (2vr) dim ^ 



((27r) n+ X>(p)) 9 = n 9 (2.5) 



is a universal constant for K = SU(ri) and K' = K/Z(K), and the Weyl odd polynomial T> 
on t* is defined by 

v(x) = n i{x) 

7>0 

where 7 runs over the positive roots. Here, p is half the sum of the positive roots, and 
n + = n(n — l)/2 is the number of positive roots. The sum over A in ( |2.4[ ) runs over those 
elements of the weight lattice A w that are in the interior of the fundamental Weyl chamber .[] 
The element 

c = e 2 ™ d/n diag(l, . . . , 1) (2.6) 

is a generator of the centre Z(K) of K, so since A G t* is in Hom(T, U(l)), we may evaluate 
A on c as in ( |2.4| ): c A is defined as exp A(c) where c is any element of the Lie algebra of T 
such that exp c = c. Note that in fact when d is coprime to n (so that when n is even d is 
odd) we have c p = (— l) n_1 . 

Witten's formula [pj (5.21) covers pairings involving the f r for r > 2 and the V r as well 
as /2 and the a r . He obtains it by reducing to the special case of pairings of the form ( |2.3j ) 
above (see |5TJ Section 5, in particular the calculations (5.11) - (5.20)) and then applying 
|50| (4.74) to this special case. In this special case of pairings of the form (|2.3j ), Witten's 
formula |5D) (5.21) follows from our Theorem [£T] using Proposition |2.2| below. Moreover our 



formula (Theorem |9.12j) for pairings involving all the generators a r , V r and f r reduces to the 



special case just as Witten's does (see Propositions |10.2| and |10.3|) . Thus Witten's formulas 



are equivalent to ours, although they look very different (being expressed in terms of infinite 
sums indexed by dominant weights instead of in terms of iterated residues). 

For the sake of concreteness it is worth examining the special case when the rank n = 2 
so that the degree d is odd. In fact, since tensoring by a fixed line bundle of degree e induces 
a homeomorphism between Ai(n,d) and M(n,d + ne), we may assume that d — 1. In 
this case the dominant weights A are just the positive integers. The relevant generators of 
H*(M(2,1)) are 

/a e H 2 (M(2, 1)) (2.7) 

4 In fact Ai(n, d) is an n 29 -fold cover of the space for which Witten computes pairings: this accounts for 
the factor n 2g in our formula (|]^). Taking this into account, ([O]) follows from a special case of Witten's 
formula |(J (5.21). 

5 The weight lattice A w C t* is the dual lattice of the integer lattice A 7 = Ker(exp) in t. 
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(which is the cohomology class of the symplectic form on A4(2, 1)) and 

a 2 G H\M(2,1)) : (2.8) 

these arise from the invariant polynomial r 2 = —(■,■)/ 2 by a 2 = t 2 (1), f 2 = t 2 ([E]) (see 
(fnD). We find then that the formula O reduces for m < g - 2 tcQ (@, (4.44)) 

«S«p0i)[*(2,l)] = ^^^-ir^-^y (2.9) 

Thus one obtains the formulas found by Thaddeus in Section 5 of [[|7|] for the intersection 



pairings a'^f 2 [Ai(2, 1)]; these intersection pairings are given by Bernoulli numbers, or equiv- 
alently are given in terms of the Riemann zeta function ((s) = J2n>i^/ nS - As Thaddeus 
shows in Section 4 of E71, this is enough to determine all the intersection pairings in the 



case when the rank n is two, because all the pairings 

2fl 



a m 



f-U(b k 2 r[M(2,l)} 



2 

k=l 



are zero except those of the form 

a^fX n - 1 b 2 2 il ---b 2 2 q ' l b 2 q [M(2,l)} 

where m + 2n + 3q = 3g — 3 and 1 < %\ < . . . < i q < g, and this expression equals the 
evaluation of a^f^ on the corresponding moduli space of rank 2 and degree 1 bundles over 
a Riemann surface of genus g — qii q < g — 2, and equals 4 if q — g — 1. 

Szenes [ESI has proved that the expression on the right hand side of ( p.4|) may be rewritten 



in a particular form. To state the result we must introduce some notation. The Lie algebra 
t = t n of the maximal torus T of SU(n) is 

t = {(X h . . . ,X n ) e R n : Xt + . . . + X n = 0}. 

Define coordinates Yj = ej(X) = Xj — Xj + \ on t for j — 1, . . . , n — 1. The positive roots of 
SU{n) are then •jjk(X) = Xj — Xk = Yj + . . . + Y^-i for 1 < j < k < n. The integer lattice 
A 1 of SU(n) is generated by the simple roots ej,j = 1, . . . ,n — 1. The dual lattice to A 7 
with respect to the inner product (-, •) introduced at ( |2.2j) is the weight lattice A w C t: in 
terms of the inner product (-,-), it is given by A w = {X e t : Yj G Z for j — 1, . . . , n — 1}. 
We define also A^ eg (t n ) = {X G A w : ^ for j = 1, . . . , n - 1 and 7 jfc (X) ^ for any 
J ^ k}. 

Definition 2.1 Let / :t®C-^Ctea meromorphic function of the form 

f{X) = g(X)e-^ (2.10) 
where j(X) = 71 Y x + ...+ 7„-iF„_i for (71, . . . , 7„_i) G M 71 " 1 . We de/ine 

= ([[7]]i,-,[[7]U) 



'Here, we have identified —02 with Witten's class 9 and fa with Witten's class ui. 
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to be the element of M n 1 for which < [[7]]^ < 1 for all j = 1, ... ,n — 1 and [[7]] = 
7 mod Z n_1 . (7n oi/ier words, [[7]] = X^=i [[7]]j e j ^ e unique element oft = R n_1 which 
is in the fundamental domain defined by the simple roots for the translation action on t n of 
the integer lattice, and which is equivalent to 7 under translation by the integer lattice.) 

We also define the meromorphic function [[/]] : t <g> C — > C fry 

[[/]](X) = (/(X) C -[W]W. 



Proposition 2.2 [Szenes] Lei / : t (g) C — > C fre defined by 

f(x) W =2 rr(X)^e~^ 

J{ > V(X) 2 9~ 2 

Provided that the m r are sufficiently small to ensure convergence of the sum, we have 

E W eW n -i [Mf)))W 



f(2in\) = — Resy 1=0 . . . Resy n _ 1=0 (- 



^,<t„,nt + " ! "-" -!)...(«-« -1) 

where W n -i = Sn-i the Weyl group of SU(n — 1) embedded in SU(n) in the standard way 
using the first n — 1 coordinates Xi, . . . , X n -\. 



Remark 2.3 Here, we have introduced coordinates Yj = ej(X) on t using the simple roots 

{ej : j = l,...n- 1} 

of t, and A™ g denotes the regular part of the weight lattice A w (see below). Also, we 
have introduced the unique element c of t which satisfies e 2mc = c and which belongs 
to the fundamental domain defined by the simple roots for the translation action on T n 
of the integer lattice A 1 : this simply means that (c,X) = 71 Yj. + ... + 7 n _iY ra _i where 
< 7j < 1 for 1 < j < n — 1. (In the notation introduced in Definition [2.1| this says 
that c = [[ (rf/n, rf/n, . . . , — (n — l)d/n)]].) Also, t + denotes the fundamental Weyl chamber, 
which is a fundamental domain for the action of the Weyl group on t. 

If g(Yk, • • • , Y n _i) is a meromorphic function of Y^, ■ ■ ■ , Y n -i, we interpret Resy fe= o<?(lfc, . . . , Y n -i) 
as the ordinary one- variable residue of g regarded as a function of Y k with Y k+1 , . . . , F n _x 
held constant. 



The rest of this section will be devoted to a proof of Proposition *Z?l. 
We shall prove the following theorem: 

Theorem 2.4 Let f : t n (g>C — > C fre a meromorphic function of the form f (X) = g[X)e~^ x > 
where "f(X) = 71 Yi + . . . + 7 n _iY„_i with < 7„_i < \, and g(X) is a rational function of X 
with poles only on the zeros of the roots 7^ and decaying sufficiently fast at infinity. Then 



/(27riA) = Resy 1=0 . . . Resy n _ 1=0 (- 



A6A» 9 (t„) ^ " 1 1 )---( e ^ X ) 

where W n -\ is the Weyl group of SU(n — 1) embedded in SU(n) using the first n — 1 coor- 
dinates. 
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Remark 2.5 Notice that if / is as in the hypothesis of the Theorem (but here one may 
omit the hypothesis that < 7„_i < 1) then 

E /(2**A)= E [[/H^A), 
AeA- 9 (t n ) AeA- 9 (t n ) 



where [[/]] was defined in Definition [2.1| . 

Proof of Proposition \2.<\ given Theorem [O; The function 



/( x) = n -;^_: (2.H) 

satisfies the hypotheses of the Theorem, provided that the m r are small enough to ensure 
convergence of the sum. Notice that if A G A™ g (t n ) then e - 2mc ( x ) = c ~ x satisfies c" x = c~ wX 
for all elements w of the Weyl group W. Thus for this particular / we have that 

E f(2m\) = n\ E /(2^A). 
AeA™ s (t„) AeA™ s (t„)nt+ 

So 



E ,/( 27 ™A) = -^Resy 1=0 . . . Resy n _ 1=0 (- 



AeA- s (t n )nt+ v ; v 



which is the statement of Proposition |2.2| . □ 
It remains to prove Theorem |2.4j . By induction on n it suffices to prove 



Lemma 2.6 Let f = /( n ) : t n — > C be as in the statement of Theorem \2.J\ . Define /( n -i) : 
t n _! ^ C by 

f(Y h ...,Y n ^) 



f(n-l)(Yi, y n _ 2 ) = ReS Yn _ 1 = 



0" 



e -y B -i _ i 
T/ien 

n-l 

E /(„)(27riA)= E E(^/)(n-i)(2^A), 
AeA» s (t n ) AeA» 9 (t„_i) i =1 

where qj is the element of the Weyl group W n _i = S n _i represented by swapping the coordi- 
nates Xj and X n _i. 



Remark 2.7 Note that by Remark P~5| , the sum J2l=l (9j/)(n-i)(27riA) is equal to 



n-l 



E i[(Qjf)in-i)]](27riX). 

3=1 



Remark 2.8 Note that the function [[(<Zj/)(n-i)]] satisfies the hypotheses of Theorem 1273. 
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Proof of Lemma |g. 6| : Let lj (J — 1, . . . , n — 2) be integers such that 

lj + + . . . + l k ^ for any 1 < j < k < n - 2. (2.12) 

Define ^(j 1 ,...,in_ 2 ) to be the line {(27riZi, . . . , 27rz/„_ 2 , : l^-i G C}. The condition fl2.12|) 

states that all the roots 7^ for l<j<k<n — 1 are nonzero on j„_ 2 ). 

Let /:t®C^Cbea meromorphic function as in the statement of Theorem |2~3, having 



poles only at the zeros of the roots 7^. We shall think of / as a function /(Yi, . . . , Y n _i) of 
the coordinates Yi, . . . , Y n _i. Define Aj^ 5 to be 

A^.„ lU _ a ) = {X G L ai ,..., z „_ 2) : Y,(X) = X 3 - G 2«Z, 
7,-*(X) 7^ for any j ^ k}. 
The sum of all residues of the function g(i 1) ... ) ... ) i n _ 2 ) on C given by 

^(Ii,...,.»,in-a)l r n-lJ ~ ^=y^ _ j 

is zero and these residues occur when Y n _! G 27rzZ. Therefore we find that the sum 

E f(p) 

^T,..., w _ 2) 

is given by 



x - f(2ml 1 ,27ril 2 , ■ ■ ■ , 27r«7 n _ 2 , 

2^ Hesy n _ 1= 2 7r «„_ 1 e _ yn _ i _ 

(27riii,...,27riZ„_2,27riZ„_i)eA'', e£ ' , . 

V? n /(2 7 r^ 1 ,...,2 7 r^ n _ 2 ,y n _ 1 ) 
= 2^ lvesy n _ 1= _2 7r i(; i +... + « n _ 2 ) _ y - _ h (2. id) 

3=1 e ™ 

f{27Tih, . . . , 2iril n _ 2 , F n -i) 



Res Yn _ 1=0 ; 



e -y„-i _ 1 



Proposition 2.9 Lei pj fre £/je point X G L^, j n _ 2 ) /or which Y n -\ = —27ri(lj + . . . + l n -2), 
or equivalently X n = X~ . Then 



ReSy n _ 1= _ 2 ,ri(Jj+...+J„_2) 



/ f(2nil 1 , . . .,2ml n _2,Y n -i) 
\ e" y '-i - 1 



Res 



'g J (/)(2^/?' ) ,...,2^2 2 ,V;_ 



r„_i=o 



Here, we define an involution qj : t — > t (/or j = 1, . . . , n — 1) by 

qj(Xi, . . . , Xj, . . . , X n _i, X n ) = (Xi, . . . , -Xj-i, X n -i, Xj + i, . . . , X„_2, X,-, X n ), 
and the integers l± , . . . , Z^f2i are defined by the equation 

?i(X)U=(2 7 r« 1> ..., 27 ra n _ 2 ,y„_ 1 ) = (2^7?, . . . , 27r4?2 2 , 2ttiZS2i + (2.14) 
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Proof: For j < n — 2, the involution qj is given in the coordinates (Yi, . . . , Y n _i) by qj : 
(Y u . . . ,y n _!) h- (Y/, . . Y^) where y fc ' = Y k for k j - l,j,n- 2,n - 1 and 

*i-l = Vj-l + ■ ■ ■ + (2-15) 

= - E n, (2.i6) 

j<fc<n-2 

K_ 2 = - e n, (2.i7) 

j<k<n— 3 

y,;_ 1 = Y i + ... + Y n _ 1 . (2.i8) 

For j = n — 1, qj is the identity map. Notice that Y^_! is the only one of the transformed 
coordinates that involves Y n _i. Notice also that takes pj to a point where Y^_ x = 0. 

We now examine the image of L(i ljm j n _ 2 ) under qj. The integers l± , . . . , were defined 
by the equation ( |2.14| ): in fact 1% = I), for k ^ j — 1, j, n — 2, n — 1 and 

/^X = + . . . + Z n _ 2 , (2.19) 

= - E (2-20) 

j<fc<n-2 

& = - £ (2-21) 

j<k<n— 3 

^n-l = + • • • + in-2- (2.22) 



We have that 

Res 



V„_i=— 2ni(lj+...+l n -2) 



{ f(2mli, . . .,27ril n _ 2 ,Y n _ 1 ) 
I e -y n -i _ 1 



ReSy n _ 1= _ 27r i({ J .+...+J„_ 2 ) 



/ f(2nil 1 , . . . , 2?rz/ n _ 2 , Y n _i) 

I e -y n _l-27ri(« j + ...+«„- 2 ) _ 1 



(because e 2ndk — 1 for all k — j, . . . , n — 2 
= Res 



<&(/)(2t<\ • • • , JZwi/Ji, 2«/f, 2^/yi, . . . , 27rilgi 2) Y n ( iV 



e — 1 / 

by the formulas ( |2.15| - |2.18|) where we have defined Y^\ = Y n _i + 2m(lj + . . . Z n _2) so that 
"Yn-i = g?Y„-i- This completes the proof. □ 

Corollary 2.10 We have 

E /(p) = 

^ J (/)(2 7 r4 J ),...,2^/g 2i Y-i) \ 
£ Res y „_ 1=0 ^ e-y^ _ i J + 

/(27T2/i,...,27rz/ n _ 2 ,Yn-l) 
^eSy n _ 1=0 Zy— ; , l 2 -^) 

e — 1 

where the integers l± \ . . . , l^_ 2 were defined by - $.2J\ ). 
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Proof: This follows by adding the results of Proposition |2]9| over all j — 1, . . . , n — 1: on one 
side this yields the sum on the right hand side of ( |2.13| ) (which according to fl2.13|) is equal 



to Z) P eA re9 f{p))i an d on the other side yields the sum on the right hand side of ( |2.23| ). 

(!),,. ..,!„_2) 

□ 



We shall complete the proof of Lemma |2.6| by summing the equality given in Corollary 
2.10| over all possible (li, . . . , ln-2) satisfying ( |2.12|) : the proof reduces to the following lemma. 



Lemma 2.11 In the notation of Proposition \27Q , (l±\ ■ ■ ■ , ln-2) £ A™ g (t n _i). Moreover for 
any . . . , l' n _ 2 ) G A™ g (t n _i) there is exactly one sequence of integers (Zi, . . . , l n -2) satisfying 
such that 

(ll \ ■ ■ ■ 1 ln-2) = (hi ■ ■ ■ ) ln-2)- 



Proof: This follows immediately from the proof of Proposition |2]9] and the fact that the 
restriction of qj to t n -i is given by the action of an element of the Weyl group W n -\ and 
hence maps A™ (t n _i) to itself bijectively. □ 



This completes the proof of Lemma |2.6| and hence of Theorem 2.4 and Proposition 2.2 



3 Residue formulas and nonabelian localization 

Let (M, uj) be a compact symplectic manifold with a Hamiltonian action of a compact con- 
nected Lie group K with Lie algebra k. Let \i : M — > k* be a moment map for this action. 

The i^-equivariant cohomology with complex coefficients H* K (M) of M may be identified 
with the cohomology of the chain complex 

Q* K {M) = (S(k*) <8> Q*{M) f (3.1) 

of equivariant differential forms on M, equipped with the differential^ 

(D V )(X)=d(r ] (X))-L X# ( V (X)) (3.2) 

where X* is the vector field on M generated by the action of X (see Chapter 7 of 0). Here 
(Q*(M),d) is the de Rham complex of differential forms on M (with complex coefficients), 
and 5(k*) denotes the algebra of polynomial functions on the Lie algebra k of K. An element 
rj G Q* K (M) may be thought of as a if -equivariant polynomial function from k to Q*(M), or 
alternatively as a family of differential forms on M parametrized by X e k. The standard 
definition of degree is used on fl*(M) and degree two is assigned to elements of k*. 

In fact as a vector space, though not in general as a ring, when M is a compact symplectic 
manifold with a Hamiltonian action of K then H^-(M) is isomorphic to H*(M) <g> where 
H* K = Q* K (pt) = S(k*) K is the equivariant cohomology of a point (see Proposition 5.8). 

The map Vt* K (M) — > fi^(pt) = S^k*)^ given by integration over M passes to H* K (M). 
Thus for any D-closed element 77 G Q* K (M) representing a cohomology class [77], there is 

7 This definition of the equivariant cohomology differential differs by a factor of i from that used in ]5(| 
but is consistent with that used in [fill . 
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a corresponding element J M rj G Q* K (pt) which depends only on [rj]. The same is true for 
any .D-closed element r\ = J2jVj which is a formal series of elements rjj in Q J K (M) without 
polynomial dependence on X: we shall in particular consider terms of the form 

where i] G Q* K (M) and 

lu(X) = uj + fi(X) g n 2 K (M). 

Here /i : M — > k* is identified in the natural way with a linear function on k with values in 
Q°(M). It follows directly from the definition of a moment map0 that Duj = 0. 

If X lies in t, the Lie algebra of a chosen maximal torus T of K, then there is a formula 
for J M r](X) (the abelian localization formula [0, [7], |], [|) which depends only on the fixed 
point set of T in M. It tells us that 

„ W= W^ (3.3) 
m ^7 e F (X) 

where T indexes the components F of the fixed point set of T in M, the inclusion of F in 
M is denoted by and ep G H^(M) is the equivariant Euler class of the normal bundle to 
F in M. In particular, applying (|3.3| ) with rj replaced by the formal equivariant cohomology 
class T]e u we have 

h"(X) d = f / V (X)e^ = £ hl(X), (3.4) 



where 

^(X) = e*f>W / ^ ( ^f . (3.5) 

Note that the moment map takes a constant value //(.F) G t* on each F G J 7 , and that the 
integral in ( |3.5| ) is a rational function of X. 

We shall assume throughout that is a regular value of the moment map /i : M — > k*; 
equivalently the action of K on /i _1 (0) has only finite isotropy groups. The reduced space 

M red = n-\G)/K 

is then a compact symplectic orbifold. The cohomology (with complex coefficients, as always 
in this paper) if*(M re d) of this reduced space is naturally isomorphic to the equivariant 
cohomology if^(/i _1 (0)) of /i -1 (0), and by Theorem 5.4 of |36j the inclusion of /i -1 (0) in M 
induces a surjection on equivariant cohomology 

H* K {M) -> H* K ^-\0)). 

Composing we obtain a natural surjection 

$ : H* K (M) -> /T(M red ) 
8 We follow the convention that d^{X) = Lxtw; some authors have d[i(X) = — lyta;. 
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which we shall denote by 

When there is no danger of confusion we shall use the same symbol for rj G H^(M) and 
any equivariantly closed differential form in Q* K (M) which represents it. Note that (a>) G 
if*(M re d) is represented by the symplectic form ojq induced on M re d by u. 

Remark Later we shall be working with not only the reduced space M re d = fi^ 1 (0)/K 
with respect to the action of the nonabelian group K, but also /z _1 (0)/T and M r ^ d (£) = 
yLiy 1 (^)/T for regular values £ of the T-moment map [It which is the composition of // with 
restriction from k* to t*. We shall use the same notation 770 for the image of r] under the 
surjective homomorphism $ for whichever of the spaces jj~ 1 (0)/K, / u _1 (0)/T or /ij^ 1 (0)/T 
we are considering, and the notation 77^ if we are working with /^^ 1 (£)/T. It should be clear 
from the context which version of the map $ is being used. 

The main result (the residue formula, Theorem 8.1) of gives a formula for the evalua- 
tion on the fundamental class [M re( j] G if*(M re d), or equivalently (if we represent cohomology 
classes by differential forms) the integral over M re d, of the image 770c" in if*(M re d) of any 
formal equivariant cohomology class on M of the type r/e^ where rj G H^-(M). 

Theorem 3.1 (Residue formula, ||31|| Theorem 8.1) Let 77 G H^-(M) induce i] G 
if* (M red ). Then 

77oe"°[M red ] = n C K Res(v 2 (X) £ h F (X)[dX]\ (3.6) 

^ FeJ 7 ' 



where the constant Ck is defined by 

° K = \W\ vol (T)' (3 - 7) 
and uq is the order of the stabilizer in K of a generic poin^ of /i _1 (0). 

In this formula | W\ is the order of the Weyl group W of K, and we have introduced s = dim K 
and / = dimT, while n + = (s — l)/2 is the number of positive roots. The measure [dX] 

9 This constant differs by a factor of (— l) s (27r) s ~' from that of |n| Theorem 8.1. The reason for the factor 
of (27r) s " z is that in this paper we shall adopt the convention that weights (3 € t* send the integer lattice 
A 1 = Ker(exp : t — *■ T) to Z rather than to 2nZ, and that the roots of K are the nonzero weights of its 
complexified adjoint action. In |n| the roots send A 7 to 27rZ. The reason for the factor of (— l) s is an error in 
Section 5 of Q. In the last paragraph of p. 307 of |3l| the appropriate form to consider is Y\ S j = i(0 j dz'j), and 
since 1-forms anticommutc this is (— l) s /i s times the term in exp(idz'(9)) which contributes to the integral 



(5.4) of 1 3 1 1 . The constant also differs by a factor of i s from that of |33[ Theorem 3.1, because in that paper 
the convention adopted on the equivariant cohomology differential is that of JsTJ , not that of j3l[] . 

10 Note that in |3^] and [f32| n a is stated incorrectly to be the order of the subgroup of K which acts 
trivially on /i _1 (0) (i.e. the kernel of the action of K on /i~ 1 (0)): see the correction in Section 3 of p3[ . 
When K = T is abelian, however, the stabilizer in if of a generic point of ^t -1 (0) is equal to the kernel of the 
action of K on /i _1 (0). Moreover since the coadjoint action of T on t* is trivial, when K = T this subgroup 
acts trivially on the normal bundle to /i -1 (0) in M and hence is the kernel of the action of K on M. 



15 



on t and volume vol (T) of T are obtained from the restriction of a fixed invariant inner 
product on k, which is used to identify k* with k throughout. Also, T denotes the set 
of components of the fixed point set of T, and if F is one of these components then the 
meromorphic function h F on t ® C is defined by (|3.5| ) . The polynomial T> : t — > K is defined 
by 

v{X) = IItPO, 

7>0 

where 7 runs over the positive roots of K. Note that it would perhaps be more natural to 
combine (— l) n+ from the constant Ck with T) 2 (X) and replace them by the product 

of all the positive and negative roots of K. 

The formula ( |3.6| ) was called a residue formula in |HJ because the quantity Res (whose 



general definition was given in Section 8 of [j31jj ) can be expressed as a multivariable residue^, 
whose domain is a class of meromorphic differential forms on t ® C. It is a linear map, but 
in order to apply it to individual terms in the residue formula some choices have to be made 
which do not affect the residue of the whole sum. Once the choices have been made one 
finds that many of the terms in the sum contribute zero, and the formula can be rewritten 
as a sum over a certain subset JF + of the set T of components of the fixed point set M T . 
When the rank of K is one and t is identified with R, we can take 

T + = {F G T : fir(F) > 0}. 

In this paper we shall be particularly interested in the case where K has rank one, for which 
the results are as follows. 



Corollary 3.2 |J5], EDJ H In the situation of Theorem^ let K = U(l). Then 



7? e W0 [M t ed] = -noResx=o( £ h v F (X) 

FeJ r + 

where n is the order of the stabilizer in K of a generic point in yu _1 (0). Here, the meromor- 



phic function hp on C is defined by ( \3. 5] ), and Resx=o denotes the coefficient ofl/X, where 



l£l has been identified with 2iriX e k. 

Remark The notation Resx=o is intended to indicate the variable X with respect to which 
the residue is calculated, as well as the point at which the residue is taken, so that, for 
example, Res_x=o/(A) = — Resx=o/(A). It would perhaps be more natural to use the 
notation Resx=of(X)dX , but we shall have numerous formulas involving iterated residues 
of this type which would then become too long and unwieldy. 



Corollary 3.3 (cf. ||3T[| , Corollary 8.2) In the situation of Theorem |\~| let K = SU(2). 
THgti 

r /0 e-[M rcd ] = ^Res x=0 ((2X) 2 £ hl(X) 



11 An alternative definition in terms of iterated 1-variable residues is given in Section 3 of j33[. 
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Here, n 0; Resx=0; h F and J r + are as in Corollary \3.3j , and IG1 has been identified with 
diag(27rz, -2iri)X G t. 

Remark 3.4 Note that if the degree of rj is equal to the dimension of M red then 

77 e W0 [M red ] =r] [M md }. 

Alternatively for K = U(l) or K = SU(2), if we multiply uo and « by a real scalar e > and 
let e tend to we obtain 

i* FV (x) 



rj [M md ] = - no Res x=0 ( £ / 



or 



r7o[M red ] = ^Resx=o((2X) 2 £ J 



f ^ + J f e F {x)r 

The results we have stated so far require the symplectic manifold M to be compact, 
and this condition is not satisfied in the situation in which we would like to apply them (in 
order to obtain formulas for the intersection pairings in the cohomology of moduli spaces 
of bundles over compact Riemann surfaces). Luckily there are other related results due to 
Guillemin and Kalkman p3"|| , and independently Martin f55|| , which as we shall see can be 
generalized to noncompact symplectic manifolds. 

Guillemin and Kalkman and Martin have approached the problem of finding a formula 

for 

Vo[M vcd ] = T] 

JM ted 

in terms of data on M localised near M T in a slightly different way from that described 
above. As Guillemin and Kalkman observe, it follows immediately from the residue formula 
that if £ G t* is a regular value of the T-moment map \xt '■ M — > t* which is sufficiently close 
to then 

Vo [ Mred } = ^^f^W Cfl/ri (3-8) 

where no (respectively Uq) is the order of the stabilizer in K (respectively T) of a generic 
point of u _1 (0) (respectively (0)) and u^ 1 (£)/T is the reduced space for the action of 
T on M with respect to the shifted moment map ut — £. Also {V 2 r])^ E if*(u^ 1 (£)/T) 
is the image of V 2 rj under the surjection $ : H T (M) — > H*(M rcd ). Here rj 6 H* K (M) and 
T> G S(t*) = are regarded as elements of H T (M) via the natural identification of H^(M) 
with the Weyl invariant part (H^(M)) W of H^(M) and the natural inclusion H T -> H T (M). 
Martin gives a direct proof of ( p.8|) without appealing to the residue formula, which shows 
also that for any £ sufficiently close to 

r)o[M red ] = "^(^{O/T] (3.9) 

where n' is the order of the stabilizer in T of a generic point in u~ 1 (0), provided that 
/U _1 (£)/T is oriented appropriately. 
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Remark 3.5 The symplectic form u induces an orientation on M, and the induced symplec- 
tic forms on M red = /i _1 (0)/-K" and on //^ 1 (^)/T induce orientations on these quotients. We 
have made a choice of positive Weyl chamber for K in t; this determines a Borel subgroup 
B (containing T) of the complexification G of K, such that the weights of the adjoint action 
of T on the quotient g/b of the Lie algebra g of G by the Lie algebra b of B are the positive 
roots of K. We then get an orientation of the flag manifold K/T by identifying it with the 
complex space G/B. Modulo the action of finite isotropy groups we have a fibration 

li-\0)/T - ii-\0)/K 

with fibre K/T; thus the symplectic orientation of fi~ l (0)/K and the orientation of K/T 
determined by the choice of Weyl chamber induce an orientation of /i _1 (0)/T. Since is a 
regular value of //, if £ is sufficiently close to there is a homeomorphism from /z _1 (0)/T 
to /i _1 (£)/T induced by a T-equivariant isotopy of M, so we get an induced orientation of 
/i _1 (£)/T. This is the orientation of /i _1 (£)/T which we shall use. 

Note that given a positive Weyl chamber we have another choice of orientation on 
/U~ x (£)/T which is compatible with the symplectic orientation on /i^ 1 (£)/T and the ori- 
entation of the normal bundle to yU _1 (£)/T in ^ (£)/T induced by identifying it in the 
natural way with the kernel of the restriction map k* — > t*, thence via the fixed invariant 
inner product on k with k/t and thus finally with the complex vector space g/b as above. 
Because we have used the inner product to identify k/t with its dual here, this orientation 
differs from the one chosen above by a factor of (— l) n+ where n + is the number of positive 
roots. 



Proposition 3.6 (Reduction to the abelian case) [S. Martin] [[39| If T is a maximal 
torus of K and K acts effectively on M, then for any regular value £ of [It sufficiently close 
to we have that 



■l) n +n 



nl\W\ J^iO/T 

where n is the order of the stabilizer in K of a generic point of /i _1 (0) and (respectively 
n' ) is the order of the stabilizer inT of a generic point of /i^ 1 (0) (respectively /i _1 (0) ). 



Remark 3.7 Note that (— l) n +V 2 is the product of all the roots of K, both positive and 
negative. 

Martin proves this result by considering the diagram 

I 

M red = fi-\0)/K 
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where the homeomorphism from /z _1 (0)/T to /i -1 (£)/T is induced by a T-equivariant isotopy 
of M (for £ sufficiently close to 0). For simplicity we shall consider the case when n = 
n' = Uq = 1. As before we use a fixed invariant inner product on k to identify k* with 
k, which splits T-equivariantly as the direct sum of t and its orthogonal complement t -1 . 
The projection of /i : M — > k* = k onto t 1 - then defines a T-equivariant section of the 
bundle M x t 1 on M, which has equivariant Euler class (— l) n+ V if we orient t -1 = k/t 



by identifying it with the dual of the complex vector space g/b as in Remark [3.5| . Hence 
if £ is a regular value of ht then /i _1 (£)/T is a zero-section of the induced orbifold bundle 
/ i ? 1 (0 Xrt -1 on (£)/T, whose Euler class is (— l) n +P^. Thus under the conventions for 
orientations described in Remark |3.5| , evaluating the restriction to / u~ 1 (£)/T of an element 
of H*{ht X {£))/T on the fundamental class [fi^^)/T] gives the same result as multiplying 
by (— l) n +Z>£ and evaluating on the fundamental class [ y u^ 1 (£)/T]. 

Now Martin observes that since the natural map 

n:^ 1 (0)/T^^- 1 (0)/ir = M red 

is a fibration with fibre K/T, modulo the action of finite isotropy groups which act trivially on 
cohomology with complex coefficients, and since the Euler characteristic of K/T is nonzero 
(in fact it is the order \W\ of the Weyl group of K), the evaluation of a cohomology class 
r] G H*(M Ted ) on [M red ] is given by the evaluation of an associated cohomology class on 
[/i _1 (0)/T]. More precisely we have 

^o[M red ] = ^rrMt^oyr] (3.10) 

where e(V) is the Euler class of the vertical subbundle of the tangent bundle to /i -1 (0)/T 
with respect to the fibration EL As this Euler class is induced by T> under the orientation 
conventions of Remark |3.5|, this completes the proof. 



Remark 3.8 In this proof we saw that T>% is the cohomology class in if*(/^^ 1 (£)/T) which is 
Poincare dual to the homology class represented by /i _1 (£)/T. Thus may be represented 
by a closed differential form on /x^ 1 (£)/T with support in an arbitrarily small neighbourhood 
of /x -1 (£)/T. If we interpret T>^ in this way, Martin's proof of Proposition |3.6| is valid even 



when M is noncompact and has singularities, provided that for £ near the subset \i x (£) 
is compact and does not meet the singularities of M. 

Note also that K and hence T act with at most finite isotropy groups on a neighbourhood 
of /j, -1 (0) in /i^ 1 (0), and so /i^ 1 (0)/T has at worst orbifold singularities in a neighbourhood 
of n~ l (0)/T. This means that in Proposition O we do not need to perturb the value of 



the T-moment map /j,? from to a nearby regular value £ if, as above, we represent V 
by a differential form on /i^ 1 (0)/T with support in a sufficiently small neighbourhood of 

/' w r. 

This result reduces the problem of finding a formula for ?7o[^red] i n terms of data on M 
localized near M T to the case when K = T is itself a torus. Guillemin and Kalkman, and 
independently Martin, then follow essentially the same line. This is to consider the change 
in 
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for fixed rj G H^(M), as £ varies through the regular values of [it- This is sufficient, if M is 
a compact symplectic manifold, because the image ht{M) is bounded, so if £ is far enough 
from then /i^ 1 (£)/T is empty and thus ^[/i^ (£)/T] = 0. 



More precisely, the convexity theorem of Atiyah U] and Guillemin and Sternberg p4 
tells us that the image /xt(M) is a convex polytope; it is the convex hull in t* of the set 

{fi T (F) :F6f} 

of the images Ht(F) (each a single point of t*) of the connected components F of the fixed 
point set M T . This convex polytope is divided by codimension-one "walls" into subpolytopes, 
themselves convex hulls of subsets of {/at{F) : F 6 J 7 }, whose interiors consist entirely of 
regular values of /xy. When £ varies in the interior of one of these subpolytopes there is no 
change in r/^[/i^ 1 (£)/T], so it suffices to understand what happens as £ crosses a codimension- 
one wall. 

Any such wall is the image /xy(Mi) of a connected component Mi of the fixed point set 
of a circle subgroup T\ of T. The quotient group T/Ti acts on M 1; which is a symplectic 
submanifold of M, and the restriction of the moment map fix to Mi has an orthogonal 
decomposition 

where (J-t/Ti '■ Mi — > (t/ti)* is a moment map for the action of T/Ti on Mi and /in : Mi — > t* 
is constant (because T\ acts trivially on Mi). If £i is a regular value of /xt/Ti then we have 
a reduced space 

(M 1 ) red = /i? / 1 Tl (£ 1 )/(T/T 1 ). 

Guillemin and Kalkman show that if T acts effectively on M (or equivalently if j{q = 1; see 
Footnote 9) then, for an appropriate choice of £i, the change in ?7^[/iT 1 (0/^ n ] as £ crosses the 
wall //^(Mi) can be expressed as 

(res Ml (^))a[( M i)red] 
for a certain residue operation (see Footnote 11 below) 



res Ml : H* T {M) ^ H* T -*l{M, 



where d\ = codimMi — 2. (Of course care is needed here about the direction in which the 
wall is crossed; this can be resolved by a careful analysis of orientations). By induction on 
the dimension of T this gives a method for calculating r/^[/iy 1 (£)/T] in terms of data on M 
localized near M T . 



It is easiest to see how this version of localization is related to the residue formula of [3T| 
in the special case when K = T = U(l). In this case 

n* T (M) S c[X] <g> n*(M) T 

is the tensor product of a polynomial ring in one variable X (representing a coordinate 
function on the Lie algebra t) with the algebra of T-invariant de Rham forms on M. The 
Guillemin-Kalkman residue operation 

ves Ml ■■ H^(M) ^ H^(Mi) 
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is then given in terms of the ordinary residue on C by 

v\mi(X) 



res Ml (v) = Resx=cr 



where r]\ Ml (X) and the equivariant Euler class e^pf) of the normal bundle to Mi in M 
are regarded as polynomials in X with coefficients in H*(Mi). More precisely we formally 
decompose this normal bundle (using the splitting principle if necessary) as a sum of complex 
line bundles Uj on which T acts with nonzero weights (3j G t* — R, and because c\{yj) G 
H*(Mi) is nilpotent we can express 

v\mA x ) _ v\mA x ) _ v\mi{X) -q^ , ci(i/j 



as a finite Laurent series in X with coefficients in if* (Mi). Then resMi(^) i s simply the 
coefficient of 1/X in this expression^. Since T\ = T acts trivially on Mi, we have M l rec j = Mi 
and Mi is a connected component of the fixed point set M T , i.e. Mi G JF. Therefore 



(res Ml (?7))a[(^i)red] = Res x =o / 



Of course as X = T = £7(1) the convex polytope /iy(M) in t* = R is a closed interval, 
divided into subintervals by the points {ht{F) : F G J 7 }. Thus the argument of Guillemin 
and Kalkman just described, amplified by some careful consideration of orientations, tells us 
that if £ > is a regular value of \it and Uq — 1 then the difference 

can be expressed as 

E res Ml (»7)[M 1 ] = Resx=o E / ^T^T ( 3 - U ) 
If we take £ > sup(yUr(M)) then this gives the same result as Corollary |3.2| (cf. Remark |3[ 



Proposition 3.9 ( Dependence of symplectic quotients on parameters) Guillemin- 
Kalkman ]23j ; S. Martin [[J9| If K = T = U(l) and n£ is the order of the stabilizer 



in T of a generic point of /^ T 1 (0) ther^ 



F6y-:Co</i T (i r )<6 



12 When the dimension I of T is greater than one the Guillemin-Kalkman residue operation 

res Ml : H^{M) ^ H* T -^{M X ) 

is defined in almost exactly the same way, by choosing a coordinate system X = (X\, . . . , Xi) on t where X\ 
is a coordinate on ti, and taking the coefficient of 1/X\ in expanded formally as a Laurent series in 

Xi with coefficients in C[X 2 , ■ ■ . ,X t ] <g> 0* (Af) T . 

13 The convention of Guillemin and Kalkman for the sign of the moment map differs from ours (see Footnote 
8). This accounts for a difference in sign between their formula and ours. 
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where X e C has been identified with IniX e t <g> C and £o < £1 ar e iu>o regular values of the 
moment map. 



Remark 3.10 As we have already noted these results can be deduced easily from the residue 
formula of |yj when M is a compact symplectic manifold. However the proof of Proposi- 
tion pT9] , just like that of Proposition |3]6| (see Remark |3.8|) , can be adapted to apply in 



circumstances when M is not compact and the residue formula of |31[ is not valid. Indeed, 
as Guillemin and Kalkman observe, in the case when K = T = U(l) the basis of their 
argument applies to any compact oriented £/(l)-manifold Y with boundary such that the 
action of T = U(l) on the boundary dY is locally free. Let us suppose for simplicity that 
T acts effectively on M (i.e. that Uq = 1; see Footnote 9) and let ( be a [/(l)-invariant de 
Rham one-form on Y — Y T with the property that l v {Q) = 1, where the vector field v is the 
infinitesimal generator of the [/(l)-action. Guillemin and Kalkman showed that, at the level 
of forms, the map $ : H^(Y) — > H*(dY/T) which is the composition of the restriction map 
from Hj.(Y) to H^(dY) with the inverse of the canonical isomorphism H^(dY) — > H*(dY/T) 
is given by 

(see (1.18) of |2~3[| , noting that Guillemin and Kalkman have a different convention for the 
equivariant cohomology differential, which accounts for the minus sign). If tubular neigh- 
bourhoods Ui, . . . , Un of the components F\, . . . , of the fixed point set Y T are removed 
from Y, then Stokes' theorem can be applied to the manifold with boundary Y — U, = i Uj 
using the formal identity 

on Y — UjLi Uj to give, after using the fact that J QY a = J 9y /t L v(ce) and taking residues at 
X = 0, the formula 

/ $(77) = Res x =oE / , v . 
Jar/T e Fj (X) 

where ep. is the equivariant Euler class of the normal bundle to Fj in Y. 



v\fAx) 



The formula of Proposition |3.9| comes directly from this when the manifold with boundary 
Y is /Ut^o, £1] f° r a moment map /it : M — * t* = K with regular values £0 < £1, but there is 
no need for fiT to be a moment map or for M to have a symplectic structure for the formula 
to be valid. It is enough for jj,T '■ M — > M to be a smooth T-invariant map with regular values 
£0 < £1 such that T acts freely on the intersections of I^t (Co) and Ai ; r 1 (£i) with the support 
of the equivariant differential form rj. There is also no need to assume that M is compact; 
it suffices to suppose that \i T : M — * R is a proper map. Indeed, the assumption that is 
proper can itself be weakened; the same proof applies provided only that the intersection of 
A*j ;1 [6o,£i] with the support of the equivariant differential form 77 is compact. 
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4 Extended moduli spaces 



In |28f certain "extended moduli spaces" of flat connections on a compact Riemann surface 
with one boundary component are studied. They have natural symplectic structures, and can 
be used to exhibit the moduli spaces Ai (n, d) of interest to us as finite-dimensional symplectic 
quotients or reduced spaces. Our aim is to obtain Witten's formulas for intersection pairings 
on H*(Ai(n, d)) by applying nonabelian localization to these extended moduli spaces. They 
have a gauge-theoretic description (cf. the introduction to this paper), but we shall use a 
more concrete (and entirely finite dimensional) characterization given in 



The space with which we want to work is defined by 

M(c) = (e K x e c )- x (A) C Horn (F, K) x k, (4.1) 

where F is the free group on 2g generators {xi, . . . , X2 g }', we identify F with the fundamental 
group of the surface £ with one point removed, in such a way that xi, . . . , x 2g correspond to 
the generators ai, . . . , a 2g of Hi(E, Z) chosen in Section 2. Then e K : Horn (F, K) — > K is 
the evaluation map on the relator r = Y[ 9 j =1 [xj,Xj +g ] 

a 

e K (h 1 ,...,h 2g ) = Y[[hj,h j+g ). (4.2) 

i=i 

The map e c : k — > K is defined by 

e c (Y) = cexp(y), (4.3) 



where the generator c of the centre of K was defined at (|2.6| ) above. The diagonal in K x K 
is denoted A. The space M(c) then has canonical projection maps pr l5 pr 2 which make the 
following diagram commute: 

M(c) k 

pri I I e c (4.4) 

Hom(F, K) K 

In other words, M(c) is the fibre product of Hom(F, K) and k under the maps ex and e c . 
The action of K on M(c) is given by the adjoint actions on K and k. The space M(c) has 



the following properties (see [28] and |29 



Proposition 4.1 (a) The space M(c) is smooth near all (h,A) e Hom(F, K) x k for which 
the linear space z(h) flker(c/exp)A ^ {0}. Here, z{h) is the Lie algebra of the stabilizer Z{h) 
ofh. 

(b) There is a K -invariant 2-form to on Hom(F, K) x k whose restriction to M(c) is 
closed and which defines a nondegenerate bilinear form on the Zariski tangent space to M(c) 
at every (h,A) in an open dense subset of M(c) containing M(c) H (K 29 x {0}). Thus the 
form uj gives rise to a symplectic structure on this open subset of M(c). 

(c) With respect to the symplectic structure given by the 2-form uj, a moment map 
H : M(c) — > k* for the action of K on M(c) is given by the restriction to M(c) of — pr 2 , 
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where pr 2 : M(c) — > k is the projection map to k (composed with the canonical isomorphism 
k — > k* given fry i/ie invariant inner product on k). 

(d) T/ie space M(c) is smooth in a neighbourhood 0/// _1 (O). 

(e) The symplectic quotient M re d = M(c) fl fi~ l {Q)/K can be naturally identified with 
e£(c)lK = M(n,d). 

Remark 4.2 We shall also use fi to denote the map 

fi : K 29 x k -> k 

defined by 

//(/i,A) = -A, 

even though it is only its restriction to M(c) which is a moment map in any obvious sense. 
That is why we write M(c) fl yU _1 (0)/fC instead of fL~ l {Q)/K in (e) above. 

Remark 4.3 Using our description (|4.4|) of M(c) as a fibre product, it is easy to identify 
the components F of the fixed point set of the action of T. We examine the fixed point sets 
of the action of T on Hom(F, K) and k and find 

M(c) T ^ t 

pri I I e c (4.5) 

Hom(F, T) 1 G T 

(Notice that ex sends Hom(F, T) to 1 because T is abelian.) Thus 

M(c) T = Hom(F,T) x e~\l) = T 2 ° x {5 - c : 5 G A 7 C t} (4.6) 

where c is a fixed element of t for which exp c — c. (Here, A 1 denotes the integer lattice 
Ker(exp) C t.) If we ignore the singularities of M(c), this description also enables us to 
find a plausible candidate for the equivariant Euler class ep s of the normal bundle of each 
component T 29 x(5 — c) in M(c) T (indexed by 5 G A 7 ). This should be simply the equivariant 
Euler class of the normal bundle to T 2g in K 29 , implying that ep s is in fact independent of 
S and is given by 

e Fs (X) = (Y[ 1 ) 9 = ((-ir+V(X) 2 ) 9 . (4.7) 

7 

The symplectic volume of the component F$ is independent of 6 (indeed these components 
are all identified symplectically with T 29 ): we denote the volume of F$ by J F e u . The constant 
value taken by the moment map fix on the component F = F$ is given by c — 5. 

We shall need also the following property (proved in [[30] ) : 

Proposition 4.4 The generating classes a r , V r and f r (r — 2, . . . , n, j — 1, . . . , 2g) extend 
to classes a r (X), V r (X) and f r (X) G H* K (M(c)). 
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Indeed, because of our conventions on the equivariant differential, the construction of |30| 
(which will be described at the beginning of Section 9) tells us that the equivariant differential 
form a r (X) G fl* K (M(c)) whose restriction represents the cohomology class a r G H*(Ai(n, d)) 
is r r (— X), where as above r r G S r (k*) K = fZ^(pt) is the invariant polynomial which is 
associated to the rth Chern class (see |3(J). Moreover f 2 is the extension uj = uj + fi of the 
symplectic form u to an equivariantly closed differential form (see |30| again). 

Finally we shall need to work with the symplectic subspace Mj-(c) = M(c) D At _1 (t) of 
M(c), which is no longer acted on by K but is acted on by T. The space Mj-(c) has an 
important periodicity property: 

Lemma 4.5 Suppose Ao lies in the integer lattice A 1 = Ker(exp) in t. Then there is a 
homeomorphism sa '■ K 2g xk-> K 2g x k defined by 

s Ao : (h, A) ^ (h,A + A ) 

which restricts to a homeomorphism s\ : Mj- (c) — > (c) . 

Proof: This is an immediate consequence of the definition of Mfc(c) and the fact that exp(A+ 
Aq) = exp(A) exp(A ) when A and A commute. □ 

Let us examine the behaviour of the images in H^(M^(c)) of these extensions d r (X), 



bi(X), f r (X) G Hx(M(c)) of the generating classes a r ,bi,f r (see Proposition [4.4] ) under 
pullback under these homeomorphisms sa : M^(c) — > M^(c). By abuse of language, we 
shall refer to these images also as a r (X), V r {X) and f r (X). We noted above that the classes 
a r (X) are the images in H* K (M(c)) of the polynomials T r {-X) G H* K = S(k*) K (cf. 
Moreover (by BO], (8.18)) the classes 6j(X) G H* K (M(c)) are of the form 6^(X) = prJ(6j(X))i 



where (6j(X))i G H* K (K 29 ) and pr x : M(c) -> isT 29 is the projection in 0. It follows that 

4 ^ r (X) = V r (X) 

and 

s^ a r (X) = a r (X). 

Furthermore we see from (8.30) of |^0[ that fz{X) is of the form 

f 2 {X) = W \fl + ^,X) (4.8) 

where fl G H^(K 29 ) and /i : M(c) — > k is the moment map (which is the restriction to 
M(c) of minus the projection K 2g xk^k: see Proposition |4.1|) . It follows from this that 
for any A in the integer lattice A 7 of t (the kernel of the exponential map), 

4 / 2 (X) = / 2 (X)-(A ,X). (4.9) 



5 Equivariant Poincare duals 

We are aiming to apply nonabelian localization to the extended moduli space M(c) defined 
in the previous section. In order to overcome the problem that M(c) is singular, instead of 
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working with integrals over M(c) of equivariant differential forms, we shall integrate over 
K 2g x k after first multiplying by a suitable equivariantly closed differential form on K 2g x k 
with support near M(c) which can be thought of as representing the equivariant Poincare 
dual to M(c) in K 2g x k. So we need to construct such an equivariantly closed differential 
form. 



Remark 5.1 In our earlier article |E| covering the case when the bundles have rank n = 2, 
we overcame the problem of the singularities of M(c) in a slightly different way, by perturbing 
the central constant c G SU (n) to a nearby element of the maximal torus T. This method 
can be generalized to cover the cases when n > 2, but it seems a little more straightforward 
to use equivariant Poincare duals, so we adopt the latter approach here. 



Remark 5.2 Related constructions of equivariantly closed differential forms representing 
the Poincare dual to a submanifold appear already in the literature.^ In Kalkman's paper 
33 and Mathai-Quillen's paper pi, an equivariantly closed differential form which is rapidly 



decreasing away from a submanifold and represents the Poincare dual to the submanifold is 
given: such a form is often referred to as the Thorn form, as the cohomology class it represents 
is the Thorn class of the normal bundle to the submanifold. The forms constructed in |34| 



and [40[ are not compactly supported: a construction of a compactly supported equivariantly 
closed form representing the Poincare dual of a submanifold is given in section 2.3 of [[19]. 
For completeness, in this section we provide a construction of an equivariantly closed form 
representing the Poincare dual. 



First we consider the simpler problem of constructing an equivariant Poincare dual to 
the origin in a one dimensional representation x of a circle. If we did not need to find a form 
with support near the origin we could represent the equivariant Poincare dual by x itself, 
regarded as an equivariant differential form. However compact support will be important 
later, so we need to be a little more careful. 

Lemma 5.3 Let T = U(l) act on C via a weight x '■ T — ► U(l). Then we can find an 
equivariantly closed differential form a x G fiy(C) on C with compact support arbitrarily close 
to 0, such that 

/ m x = Vlo G h t 

Jc 

for all equivariantly closed forms r\ G fl^(c). Moreover a x G x + D(Q^(c)), so that a x 
represents the same equivariant cohomology class on C as x- 

Proof: Let X" denote the vector field on C given by the infinitesimal action of X G t. There 
is a T-invariant closed differential 1-form on C — {0}, given in polar coordinates (r, 9) by 
such that ^xtt(f~) is identically equal to x(X) for every let. We can choose a smooth 
T-invariant function b : C — ► [0, oo) with support in an arbitrarily small neighbourhood of 
which is identically equal to 1 on some smaller neighbourhood of 0, and let 

a x (X) = X (X) + D((l -b)-) = x(X) + d((l - b)-) + {b- l)x(X) 

271 Z7T 
14 We thank P. Paradan for pointing out that the references cited below contain such constructions. 
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where D is the equivariant differential defined at (3.2) and d is the ordinary differential. 
Then a x is equivariantly closed and is zero outside the support of b. 

Suppose that 77 e f^(C) is equivariantly closed. We wish to show that 

/ m x = v\o- 

Jc 

First we shall show that the integral 

[ V a x 

Jc 

is independent of the choice of the function b. 

If p > is sufficiently small and R > is sufficiently large, then b is identically equal to 
1 on the disc D p centre and radius p, and b is identically equal to outside the disc D R 
centre and radius R. Then 



V a x = X V + 
Jc Jd p Jl 



rjoiy,. 

D R -D P 

Now i] is a polynomial function from t to the ordinary de Rham complex fT(C), so we can 
write 

77 = 77(0) +rj W +rjW 
where 77^ is a polynomial function from t to fi J '(c) for j = 0, 1, 2. Similarly 

Ol-^ — Ql ^ I I 

where = bx, ai 1 ^ = and = d((l — &)ff-)- Since Drj = drj — l x »V is zero, we 
have drj^ = ixtV^- As any 2-form on C is a C°° function on C multiplied by the nowhere 
vanishing 2-form given in polar coordinates by and since txti 1 ^-) = x(X)rdr, it 

follows that 

X (X) V ^(X) = ^-d V ^(X) 
on C — {0} where dO is defined. Hence 

Jd r -d p Jd r -d p 

= f A rj{ o )+ri{ o) d{{1 _ b) M ) 
JD R -D 2n 2tt 



id r - 

= -[ d(b V ^-* 
Jd r -d p 2tt 

d6 r , (M df) 

>dD R 



JdDn 2n J 8Dr 2ii 



dD p 2lX 

by Stokes' theorem, since b is identically one on dD p and identically zero on 8Dr. It follows 
that ^ 

JD P JdD p 27T 
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is independent of the choice of b. 

Now p can be taken arbitrarily small, and % f D rj — > as p — > 0. Moreover by continuity, 

for fixed X G t and any e > we can choose p so that ?/ ) differs from 77^°^ 1 = T]\q by a t 
most e on D p . Then 

l/ ^ (0) ^-^ (0) |o| = | I (V i0) -V ( %)^\<e. 

JdDp Z7T J9D P Z7T 

Thus f c i]<y x — 7]\q tends to zero as p tends to 0. Since f c ria x and 77 1 are independent of p 
we deduce that 

/ m x = v\o 

Jc 

as required. □ 

Lemma 5.4 Let T be a torus acting trivially on R. Then we can find an equivariantly closed 
differential form ao G f^(R) on R with compact support arbitrarily close to 0, such that 

/ r]a = r]\o G Ht 
for all equivariantly closed forms r] G fi^(K). 

Proof: We have fi^(R) = 5(t*) <g> fi*(R) and 77 G S(t*) <8> fi Q (m) is equivariantly closed if and 
only if it is constant on R, so we can take «o to be the standard volume form on R multiplied 
by any bump function compactly supported near with unit integral. □ 

Corollary 5.5 Let T be a torus acting linearly on C n with weights Xii ■ ■ ■ iXn an d trivially 
on R m . Then we can find an equivariantly closed differential form a G Q^(C n x R m ) on 
C n x R m with compact support arbitrarily close to 0, such that 

/ r]a = 770 G 

JC n XR m 

for all equivariantly closed forms 77 G fi^(C™ x R m ). Moreover if m = then a G Xi ■ ■ ■ Xn + 
D(n* T (C n )). 

Proof: The action of T on the copy of C in C n on which it acts via the weight Xj factors 
through an action of T/keiXj — U(l) (unless Xj = in which case we can replace ker^j 
by any subtorus of T of codimension one). We can construct a x . G ^^(C) as in Lemma 
|573| and m copies of a as in Lemma [5]4|, and then define a to be the wedge product of the 
pullbacks of the a Xj and a to fi^(C™ x R m ) via the projections of C n x R m to C and R and 
the homomorphisms T — > U{1) induced by the weights Xj- ^ 

Now we shall relax our assumption that c is a central element of K, and assume only 
that c G T. This will be important later when we apply induction on n (see Remark |6.4| 
below). 
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Corollary 5.6 Let T be the maximal torus of K = SU(n) acting on K by conjugation. If 
c G T then we can find a T-equivariantly closed differential form a G Q^(K) on K with 
support arbitrarily close to c such that 

T}Ot = 7]\ c G H* T 

JK 

for all T-equivariantly closed differential forms rj G Q^(K). 

Proof: There is a T-equivariant diffeomorphism <f> from a T-invariant neighbourhood U of 
in the Lie algebra k of K to a T-invariant neighbourhood V of c in K given by 

4>{X) = cexp(X). 

By Corollary we can find a G fly(k) with arbitrarily small compact support contained 
in U, such that 

for all equivariantly closed forms 7] G f2^(k). Then we can define a to be □ 
Note that 

g 

M(c) = {(h u . . . , h 2g , A) G K 2g x k : f[ h 2j ^h 2j h^_ x h^ = cexp(A)} 

i=i 

can be expressed as M(c) = P~ l (c) where P : K 2g x k — > is defined by 

P(/ii, . . . , /i 2;? , A) = J] h 2 j-ih 2 jh 2j 1 _ 1 h 2j 1 exp(-A). 
j'=i 

Proposition 5.7 If T is the maximal torus of K = SU(n) and c G T then there is a T- 
equivariantly closed differential form a G Q*(K 2g x k) of degree n 2 — 1 on K 2g x k with 
support contained in a neighbourhood of M(c) of the form P~ l (V) where V is an arbitrarily 
small neighbourhood of c in K , such that 

/ , V a = / v\m(c) e 
JK^axk Jm(c) w 

for any T-equivariantly closed form rj G Q^(K 29 x k) for which the intersection of P (V) 
with the support of rj is compact. 

Proof: By Corollary |5.6| we can find a T-equivariantly closed differential form a G Q^(K) on 
K with support in V such that 

r]a = rj\ c G 

jk 

for all T-equivariantly closed forms rj G fl^(K). Let a = P*(a); by the functoriality of the 
equivariant pushforward map (cf. Section 3 of ||) this has the properties we want. □ 
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Remark 5.8 In fact if V is any neighbourhood of c in K containing V then we have 

/ va= v\m( C ) e a* T 

Jp-^v) Jm(c) w 

for any T-equivariantly closed form r] G fi^(P _1 (V r/ )) on P _1 (V^') for which the intersection 
of P~ l (V) with the support of 77 is compact. 



Remark 5.9 As we are going to use Proposition |5.?1 to convert integrals over M(c) into 
integrals over K 2g x k (or at least over neighbourhoods of M(c) in K 2g x k of the form 
P^iV) for arbitrarily small neighbourhoods V of c in K) we shall need to be able to 
extend T-equivariant cohomology classes 77 on M(c) to T-equivariant cohomology classes 
on neighbourhoods of M(c) in K 2g x k of this form P _1 (V). This will always be possible 
by the continuity properties of cohomology (see e.g. [|14[] VIII 6.18) because r\ will always 
have compact support in M(c); more precisely we will in fact be converting integrals over 
M(c) n (K 2g x B) for compact subsets B of k into integrals over P~ l (V) n (K 2g x B). 



Note that the centre Z n of K = SU (n) is a finite group of order n which acts trivially on 
K 2g x k. 



Lemma 5.10 Suppose that c = diag(ci, . . . , c n ) G T is such that the product of no proper 
subsequence o/ci, . . . , c n is 1. Then the quotient T/Z n ofT by the centre Z n of K = SU(n) 
acts freely on P^iV) R /i _1 (0) for any sufficiently small T -invariant neighbourhood V of c 
in K. 



Proof: Suppose that T/Z n does not act freely on P^iV) fl / u _1 (0). Then there exist 
ti, . . . , t n G C, not all equal, such that t± . . . t n — 1, and some element (h, 0) = (hi, . . . , h 2g , 0) 
of P~ X (V) fl /i~ 1 (0) fixed by diag(£i, . . . ,t n ). Then each hj is block diagonal with respect to 
the decomposition of {1, . . . , n) as the union of {i : t^ = t{\ and {i : ti ^ t{\ , which implies 
that 

" A 



P(h,0) 



B 



where A and B are products of commutators and hence satisfy det A = 1 
result follows. 



det B. 



The 

□ 



Remark 5.11 It follows from this lemma that we can extend the definition of the compo- 
sition 

$ : #*(M(c)) -> H* T (M(c) n /^(O)) S H*(M(c) n /j _1 (0)/T) 

to 

$ : i/* (p- x (y)) -> F^(p _1 (y) n /^(o)) s ^(p-^v) n ^ _1 (o)/t). 

By 1.18 of [Q (see Remark |3.10| above), when T = U(l) is a circle then $ is given on the 
level of forms by 

$(77) = Resx = oa^^) 



30 



where the vector field v is the infinitesimal generator of the U(l) action and ( is a U(l)- 
invariant differential 1-form on P _1 (K) fl /i _1 (0) such that i v (() = 1. (Strictly speaking the 
residue is an invariant form on P _1 (V) fl // -1 (0) which descends to a form on (P _1 (V) fl 
/i _1 (0))/T). Thus when T = U(l) we have 

Hv)= I Res x=0 - U/ 



M{c)niJ,- l {iS)/T JMi^nfj,- 1 ^) X — d( 



and it follows that if a is defined as in Proposition |5.7| for n = 2 and V is any neighbourhood 
of c in SU(2) containing V we have 

/• (rja 
<$>{rjo>) = Resx=o- 



p- 1 {V)niJ,- 1 (0)/T Jp-^v')^- 1 ^) X - d( 

Res x=0 -^— = I $(77) 



'M^n^-^O) X — d( JM{c)C\Li- 1 {(d)/T 

for any T-equivariantly closed differential form 77 G fi^(P _1 (V A/ )) such that the intersection 
of P^ 1 (V r ) with the support of 77 is compact. Here we have used the same notation for 77 and 
its restriction to M(c). 

When n > 2, so that the maximal torus T of K = SU(n) has dimension higher than 
one, then $(77) and Jm(c)d^- 1 (o)/t ^(v) are given by similar formulas involving n — 1 iterated 
residues (see [p3~| ). In particular the support of $(77) is contained in the image of the support 
of 77, and 

Jp- 1 (V)n^- 1 {o)/T JM(c)n t i- 1 {o)/T 

for any T-equivariantly closed differential form 77 6 f2J.(P _1 (V r/ )) such that the intersection 
of P~ l (V) with the support of 77 is compact. 



6 Nonabelian localization applied to extended moduli 
spaces 

Naive application of the residue formula (Theorem |3.1|) to the extended moduli space M(c), 



using Q2.1| ) and Remark [4.3| and ignoring the fact that M(c) is noncompact and has singu- 
larities, yields 

n ( r W n T (—X~] mr e^- 6 ^ x ">\ 
Y[a™ r exp(f 2 )[M{n,d)] = nC K Res\V 2 {X)( J^e") ^ J C 6 ' 1 ) 

where the constant Ck is defined at (3.7). The main problem with (|6.1|) (related to the 
noncompactness of M(c), which permits the fixed point set M(c) T to be the union of infinitely 
many components F$) is that the sum over 5 does not converge for let. In this section 
we shall instead apply the version of nonabelian localization due to Guillemin-Kalkman 
and Martin (Propositions 3.6 and 3.9) to M(c), using Remarks [3.8| and |3.10| ; this will lead 



to a proof that ( |6.1| ) is true if interpreted appropriately (see Remark |8.6j ). First we use 
Proposition ft.6|. 
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Lemma 6.1 Let \W\ = n\ be the order of the Weyl group W of K = SU(n), and let c = 
diag(e 2 ™ d/n , . . . , e 27Tid/n ) where d is coprime to n. If V is a sufficiently small neighbourhood 
of c in K that the quotient T /Z n of T by the centre Z n of K = SU(n) acts freely on 
P^iy) n //~ 1 (0) (see Lemma \5.10Q , then for any rj G H^(X) we have 

f $( V e") = 77777 f HVveP) = 77777 f QiVrjePa) 

JM(n,d) \W\ Jn(c) \W\ Jn(V) 

where 

N(c) = M(c) n// -1 (0)/T 
for \i : K 2g x k — > k given by minus the projection onto k and 

N(V) = P'\V) n^ -1 (0)/T. 

Also a is a T-equivariantly closed form on K 2g x k representing the T-equivariant Poincare 
dual to M(c), which is chosen as in Proposition |3T^ so that the support of a is contained in 
P^iV) and has compact intersection with /i^ 1 (0). 

Proof: Since M(n,d) = M(c) H iT l {ti)/K, we can first identify /y\^ (nd) ®(r)e Q ) with 

' 1 $(Vr}e a 



\W\ Jn(c) 



via Proposition p.6| , whose proof works in this situation even though M (c) is noncompact 
and singular, because \i is proper and M(c) is nonsingular in a neighbourhood of yu~ 1 (0) (see 
Remark 3.8 ) . Then we use Remark |5.11| . □ 

Next we need to summarize some conventions on the roots and weights of SU(n). The 
simple roots {e,- : j — 1, . . . , n — 1} of SU(n) are elements of t*; in terms of the standard 
identification of t with {(X ll . . .,X n ) G R n : Ei^Q = 0} under which (Xi, . . . ,X n ) G M n 
satisfying Ej Xj = corresponds to X = diag(27riXi, . . . , 27riX„) G t, they are given by 

ej (X) = Xj - X j+1 . (6.2) 

The dual basis to the basis of simple roots (with respect to the inner product < •, • > defined 
at ( |2.2| ) above, which is the usual Euclidean inner product on E n ) is the set of fundamental 
weights Wj G t* given by 

w j (X)=X 1 + ... + X j . (6.3) 

If we use this same inner product to identify t* with t, the simple roots become identified 
with a set of generators 

e, = (0,...,0,l,-l,0,...,0) 

for the integer lattice A 1 of t, and the fundamental weights correspond to elements Wj G t 
given by 

^ = (1,...,1,0,...,0)-^(1,...,1). 



n 



In particular we have 



«;„_! = -(!,...,!, -(n-1)). (6.4) 



n 
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Since we shall later apply induction on n, it will be convenient to label certain spaces, 
groups and Lie algebras by the associated value of n. In particular the space M(c) will 
sometimes be denoted by M n (c), the maximal torus T of SU(n) by T n , its Lie algebra t by 
t n , and the map $ by <3> n . 

We define a one dimensional torus T\ = S 1 in SU(n) generated by ej: it is identified 
with S 1 via 

teS 1 i-+(t,t- 1 ,i,...,i)ef 1 . (6.5) 

The (one dimensional) Lie algebra ti is spanned by e\. Its orthocomplement in t is 

n 

t„_! = {(X 1; . . . ,X n ) E R n : X x = X 2 ,J2 X i = °>- ( 6 - 6 ) 

i=i 

Define T n _i to be the torus given by exp(t n _i): 

n 

T n -i = {(h, t u t 3 . . . , t n _i, £ n ) G C/(l) n : (ti) 2 (II tj) = 1}; 

then T n _! is isomorphic to the maximal torus of SU(n — 1) (i.e. T n _\ = (S" 1 )™ -2 ) so this 
does not conflict with the notation already adopted. 

Remark 6.2 The multiplication map T\ x T„_i — > T\T n -\ = T n is a covering map with fibre 

TinT„_i = z 2 = {(t,r\i,...,i) : t = r 1 }. 

There is the following decomposition of the ring homomorphism $ n . 

Proposition 6.3 For any symplectic manifold M equipped with a Hamiltonian action of 
T n such that T n _i acts locally freely on ^ (0) ; the symplectic quotient ^ (0)/T n may be 
identified with the symplectic quotient of ^ (0)/T n _i by the induced Hamiltonian action 

ofT\ . Moreover if in addition T n acts locally freely on /i^ 1 (0) then the ring homomorphism 
$ n :Hi n (M)^H*(^(Q)/T n ) factors as 

$ n = $i o 

where 

$ n _x : H* Tn (M) - 1^(^(0)) = ^^(^(0)) = ^(^(0)/^) 

and 

$1 : ^^(O)/^) - fr^^n^tO)/^ X fx) = /T*(^(0)/T n ). 

Proof: The isomorphisms 

^(^W-x( )) = ff flxT„J^(0)) = ^(^(0)/^) 

follow from Remark and the fact that the cohomology with complex coefficients of the 



classifying space of a finite group is trivial. 
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Since /it„ is a T n -invariant map, its projection jj,f onto ti descends to /i T ^_ 1 (0)/T n _i 

and defines a moment map for the induced Ti-action with respect to the induced symplectic 
structure on [L^ _ (0)/T n _i. The rest then follows from Remark |T2] and naturality (cf. |p3f . 
after (2.9)). ' □ 

Remark 6.4 From now on, thanks to Lemma |6.1| , we shall be working with quotients by 
T and subgroups of T, rather than quotients by K. Because of this our arguments will 
apply to M(c) when c belongs to T but is no longer necessarily a central element of K. 
This will be important later, when we apply induction on n using Proposition |6.3| . The only 
condition we will need to impose on c 6 T is that c = diag(ci, . . . , c n ) where the product of 
no proper subsequence of (ci, . . . , c n ) is 1; this is certainly true for our original choice of c 
when Cj = e 2md l n for all j with d coprime to n. 

So for any c G T, let us define 
M(c) = M n (c) = P-\c) = {(/n, . . . , h 2g , A) G K 2a x k : f[ h^h^h^h^ 1 = cexp(A)} 

3=1 

where P : fT 29 x k — > K is defined by 

• • • , h 2g , AJ = n h 2 j-ih 2j h^ 1 h^ exp(-A). 

3=1 

Let us also define 

N n {c) =M(c)r)fi-\0)/T n (6.7) 

and 

N n {V) = P-\V) n // _1 (0)/T n (6.8) 
where V is a small T-invariant neighbourhood of c in i^. 



Proposition 6.5 Suppose c = diag(ci, . . . ,c n ) G T is such that the product of no proper 
subset of (ci, . . . , Cn) is 1. Then the group T n _i/Z n , where Z n consists of the identity matrix 
multiplied by nth roots of unity, acts freely on P^iV) fl jtfj (0) for any sufficiently small 
T-invariant neighbourhood V of c in K. Hence the quotient P~ l (V) fl //J (0)/T n _i is 
smooth. 

Proof: The conjugation action of (ti, . . . ,t n ) G U(l) n on the space ofnxn matrices sends 

Clearly Z n acts trivially. Let us assume that (h,A) G M(c) fl /ij^ ^O) is fixed by the action 
of some element of T n „i which is not in Z n . After rearranging the coordinates X3, . . . , X n if 
necessary, we may assume that there is some k between 3 and n such that this element of 
T n _i is of the form (t\, t\, t 3 , . . . , t n -x, t n ) where U = t\ if and only if i < k. Then each hj is 
block diagonal of the form 

' h) " 

h 2 



34 



where hj is a k x k matrix and /i| is (n — k)x(n — k). As the determinant of any commutator 
is one, it follows that n^it^-ii h 2 j] is block diagonal of the form 



(6.9) 



A 
B 

where det A = det B = 1. But A is also block diagonal of the same form 

Ai 
A 2 

and since (h,A) G /^t,!_i(0) ^ ne diagonal entries of A are (2iiiX, — 2ni\, 0, . . . , 0) for some 
A G E. Thus as k > 3 both A x and A 2 have trace 0, so detexpAx = 1 = detexpA 2 . Since 
(h, A) G M(c) it follows that the matrix A must equal 

diag(ci,...,c fe )expAi, 

and hence 

ci . . . Cfc = det A = 1. 

This contradiction to the hypotheses on c shows that T n ^i/Z n acts freely on M(c) H/i^^O), 

and the same argument shows that T n _i/Z n acts freely on P _1 (V) H ^^(V") for any suffi- 
ciently small T-invariant neighbourhood V oicin K and any sufficiently small neighbourhood 
V of in t n _x- The result follows. □ 

Definition 6.6 Let us introduce coordinates 

Y k = e k (X) = (e k ,X) 
on t, corresponding to the simple roots e k G t*. 



We are now in a position to exploit Proposition [H| and Remark |3.10| , by using the 



translation map sa defined by Lemma [4.5| , where A = e\ lies in the integer lattice A 1 and 
so satisfies exp(A ) = 1. 

Lemma 6.7 Suppose c = diag(ci, . . . , c n ) G T is such that the product of no proper subset of 
(ci, . . . , c n ) is 1. Suppose also that t] is a polynomial in the a r (X) and ly> r (X), so that s^t] = 77. 
If V is a sufficiently small T-invariant neighbourhood ofcinK so that P _1 (V)n/i _1 (ti)/T„,_i 
is smooth (see Proposition \6. b\ ), and if N n (V) = P _1 (V) PI yU _1 (0)/T n as before, then 

JN n (V) JP- 1 (y)nAt- 1 (-ei)/T„ 

= / $n(ve Q a) - n £ Res n=0 / ^-i(v^a) 

jNn{V) FeT,-\\eW< M F))<« Jf 6f 

where T is the set of components of the fixed point set of the action of T\ on P _1 (V) D 
/i _1 (ti)/T n _i, and cf denotes the T\-equivariant Euler class of the normal to F in P _1 (V) fl 
yU _1 (ti)/T n _i for any F G T , while n is the order of the subgroup ofTi/Ti fl T n _i that acts 
trivially on P -1 (V) n/^ -1 (ti)/T n _i. Also a is the T-equivariantly closed differential form on 
K 2g x k given by Proposition \5. T\ which represents the equivariant Poincare dual of M(c), 
chosen so that the support of a is contained in P _1 (V). 
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Proof: Since ji 1 (ti) = K 2g x ti is contained in (0), it follows from Proposition |6.5| that 
if V is a sufficiently small T-invariant neighbourhood of c in K, then T n _i/Z n acts freely on 
P^{V) H // _1 (ti) and so the quotient P~ l (V) fl / u~ 1 (ti)/T n _i is smooth. 

Since the restriction of /if to /i _1 (ti) is proper, and the support of a is contained in 
P _1 (V^), by Remark |3.10| Guillemin and Kalkman's proof of Proposition |3.9| can be applied 
to the Tx-invariant function induced by [if x on the smooth manifold P~ l {V) fl / u _1 (t 1 )/T„_ 1 
and the Tx-equivariant form induced by rje^a. In fact since T\ fl T n _! = Z 2 acts trivially 
we can work with the action of T\jT\ fl T„_! instead of the action of T\ (the Lie algebra 
and moment map are of course the same). This fits better with the choice of coordinates Yy. 
defined by the simple roots because the simple root e\ takes (t, i -1 , 1, . . . , 1) G T x to t 2 and 
thus induces an isomorphism from T\jT\ fl T n _i to S 1 . By combining this with Proposition 
we get 

f ^ n (ve Q a) - [ $nfae*ar) 

JP-^V^-^Oj/Tn ^P-H^n/i-H-eD/Tn 



n Resy 1=0 J 

Fe^ r :-||ei|| 2 <(ei,/i(i?)><0 



e F 



Now note that the restriction of P : K 2g x k — > K to /i _1 (t) = K 2fl x t is invariant under 
the translation s\ for A G A 7 . Therefore by construction the restriction of a to /U" 1 (t) is 
also invariant under this translation. Thus by ( f4.9| ) and Definition [BTS 



Jn„(V) V 1 > Jn„(V) 



L (V)n^-i(-ei)/T„ JN n (V) v ' JN n (V) 

The result follows. □ 



Remark 6.8 It will follow from the proof of Proposition below that uq = 1 here (see 
Remark |7^|). 



7 Fixed point sets of the circle action 

In this section we shall consider the components F G T of the fixed point set of the action of 
Ti on the quotient P^iV) fl y u _1 (t 1 )/T n _ 1 (which appeared in Lemma p.7| ). Since -P _1 (c) = 
M(c) and V is an arbitrarily small T-invariant neighbourhood of c in K, we may assume 
that every F G contains a component of the fixed point set of the action of T\ on M(c) fl 
/ u _1 (ti)/T n _i, and each of these components is contained in a unique F G J- '. So we shall start 
by analysing the components of the fixed point set of the action of T\ on M(c) HyU -1 (ti)/T, 



n-l- 



We shall find that they can be described inductively in terms of products of spaces of the 
form N(c) (see Remark |6.4| ) for smaller values of n. This will enable us to use induction 
in the next two sections to express the intersection pairings !j^\i n d) ®{v eU ) on the moduli 
spaces A4(n, d) as iterated residues (see Theorem [8J] and Theorem |9.12|) . 



Proposition 7.1 Suppose that c = diag(ci, . . . , c n ) G SU(n) is such that the product of no 
proper subsequence of (ci, . . . ,c n ) is 1. Then the components of the fixed point set of the 
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action of T\ on the quotient (M(c) fl /i _1 (ti))/T n _i may be described as follows. For any 
subset I of {3, ... ,n} let I ± — I U {1} and let I 2 = {1, . . . , n} — I 1 . Let Hj be the subgroup 
of SU (n) given by 

Hj = {(a tj ) G SU(n) : a t , = if G (h x I 2 ) U (I 2 x h) }. 

Suppose that A 61 is a solution of 

e — Cjj . . . Q r — Y[ c j 

jeh 

where r is the number of elements of Ii = {ii, . . . ,i r }, so that 

e 2mx = n 

j eh 

Then we have a component of the fixed point set given by F I X = Fj \/T n _i where 

F ItX = M(c) n (H? x {Aei}), 

and every component is of this form for some subset I of {3, ... ,n} and solution A to the 
equation above. 

Proof: Suppose the Ti orbit of a point (hi, . . . , h 2g ,A) G SU(n) 2g x ti is contained in its 
orbit under T n _i. A general element of the T\ orbit of an n x n matrix A = (a^) under 
conjugation looks like 

an t 2 ai2 tai3 ... tai 



t 2 a 2 i a 22 t 1 a23 
t _1 a 3 i ta 32 a 33 

t 1 a n i ta n2 a„3 
while a general element of the T n _i orbit of A looks like 

^1^3 1 ai3 



t l a 2n 



an ai2 

a 2l a 22 
^3^1 a 31 ^3^1 a 32 



^1^3 lfl 23 
^33 



tn^l a nl t n ti a n2 t n t 3 a n3 



tit n 0\ n 

tit n l a 2n 

^3^ n la 3n 



For each t there exist t±, t$, . . . , t n such that these two matrices are equal when A is any 
of hi, ... , h 2g and A. Choose t ^ t^ 1 and let / denote the set of j in {3, . . . , n} for which 
titj 1 = t. Similarly, define J to be the set of j in {3, . . . ,n} for which titj 1 = t -1 , and let 
X = {3, . . . , n} — I — J. Reordering the coordinates one finds that all the hj and A are block 
diagonal where the blocks correspond to I U {1}, J U {2} and K. Conversely, if all the hj 
are block diagonal of this form and A G ti, then the Ti orbit of (hi, . . . , h 2g , A) is contained 
in its T n _i orbit since given any t G U(l) we can find (ti,ti,t$, . . . ,t n ) in T„_i satisfying 
titj 1 =ti£jel and titj 1 = t~ 1 if j G J. 
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We next prove that K is empty. Suppose otherwise; then as the determinant of any 
commutator is one, det nf=i[^2f-i; ™2p] = 1 (where the superscript [K] denotes the block 
of the matrix corresponding to K). Thus the K block in c also has determinant 1. This is 
impossible by the hypothesis on c. 

Suppose now that (hi, . . . , h 2g , A) G M(c) fl // _1 (ti) lies in Hj 9 x tj.. Then 

A = Aei = 27ridiag(A, -A, 0, . . . , 0) 

for some A G R, so the blocks A' 71 ! and A^ 2 ' of A corresponding to I\ = /U{1} and I 2 = JU{2} 
satisfy detexpA^ = e 2niX and detexpA^ = e~ 2mX . But 

detint^i,^ 11 ]) = 1 = det(f[[^l 1 ,4 21 ]) 
j=i 3=1 

because the determinant of any commutator is one. It therefore follows from the definition 
of M(c) that 

3 eh 

This is enough to complete the proof. □ 

Remark 7.2 The proof of this proposition shows that the elements of 5\ which act trivially 
on the quotient (M(c)fl/i~ 1 (t 1 ))/T n _ 1 are precisely those represented by t satisfying t = 
i.e. t = ±1, or equivalently those in T 1 flT n _ 1 . Thus the size n of the subgroup of Ii/Tinl^-i 
acting trivially on the quotient M(c) fl /i -1 (ti))/T n _i is 1 (cf. Lemma |Q| ). 

Proposition 7.3 Suppose that c = diag(ci, . . . , c n ) G SU(n) is such that the product of no 
proper subsequence of (ci, . . . , c n ) is 1. Suppose that I is a subset of {3, ... , n} with r — 1 
elements where 1 < r < n — 1, and let Ii = I U {1} = . . . , i r } and I 2 = {1, . . . , n} — I\ = 
{i r +i, . . . ,i n }- Suppose also that A G IR is a solution of 

e- 2mx = n ^ 

jeii 

so that e 2niX = JJjeh c j- Let 

c(h,X) = diag(c-; A , . . . , c£ A ) 

and 

c(J 2 ,-A) =diag(c[; A 1 ,...,c.; A ) 

where Cj ,x = Cj if j > 3, while c[ ,x = cie 2mX and c 2 ,X = c 2 e~ 2mX . Let F I X be defined as in 
Proposition \7. 1\ . Then there is a finite to one (in fact (r(n — r)) 2g to one) surjective smooth 
map 

* J)A : (S 1 ) 29 x N r (c(h, A)) x A^ n _ r (c(/ 2 , -A)) -> F IjX . 
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Proof: We define a homomorphism 

pi : S 1 x ST/(r) x SU(n - r)^ff z C S?7(n) 

given by 

p/ : (s,A,S) i- 



s n ~ r A 
s~ r .B 



with respect to the decomposition of {1, . . . , n} as I\Ul 2 . Note that pi restricts to an r(n — r) 
to one surjective homomorphism 

pi \ S x T r x T n — r > T^. 

If e r : SU{r) 2a — ► SU(r) is defined by e r (/ti, . . . , /i 2g ) = lTj=i[^2j-i, ^2j] then 

e r (Ai,...,A 2g ) 



en(P/(Sl, . . . , p I (S2g, A 2 g, B 2 g) 



£n-r(Bi, . . . , -£?2g) 



(7.1) 



Let us define a map 

* JjA : (S 1 )^ x N r (c(h, A)) x iV n _ r (c(J 2 , -A)) - F Z , A 

as the quotient of 

* 1>x : (S 1 ) 2 * x (^ (r) (0) n M r (c(h, A))) x (/^ (n _ r) (0) n M„_ r (c(/ 2 , -A))) - F J)A 



defined by 

= ( PJ ( S1 , h^\h [ ' 2] ), Pl (s 2 , h 2 h \h 2 h] ), . . . , p,(^, 4 2] ), 2vrzdiag(A, -A, 0, . . . , 



* JfA (( ai) . . . , s 2g ), (hP, . . . , h$\Q), {hf\ . . . , h[f, 



Here, .Fj A was defined in Proposition 7.1 



and 



We must check that the image of \l/j iA is contained in Fi t \. We have 

ih] 

[ft] dftb 



e r (/^ ] , • • • , h [ ff) = diag(cJ A , . . . , c£ A ) = c(I u A) 



e n _ r (/i^ 2J , . . . , h 1 ^ 1 ) = diag(c-; A l5 . . . , c-; A ) = c(7 2 , - A). 



/, A \ 



In order to show that */,a((si, • • • , s 2g ), (h^, h [ 2g l] , 0), (h!^, h [ 2 g\ 0)) lies in F /jA we 
need to check that if A = 27rzdiag(A, —A, 0, . . . , 0) then cexp(A) is block diagonal of the form 

c(/i,A) 
c(J 2 , -A) 

with respect to the decomposition of {1, . . . ,n} as I\ U I 2 . This follows by the choice of 

J>A /, A 
) ■ ■ ■ ) St.' • 

We must also check that the map ^7 |A is well defined on the quotient by the action of 

T r x T n _ r : in other words we must check that for any t = (ti, . . . ,t n ) G U(l) n satisfying 
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t h ,...,t ir = t ir+1 , . . . ,t in = 1 so that t h = (t h . . . t ir ) G T r and t h = (t ir+1 . . . t in ) G T n _ r , we 
have 

*j tA ((ai, • • • , s 2g ), (t h h [ ^(t h )-\ . . . , t h h [ ff (t h )-\ 0), (t l2 h[ h] (t l2 )-\ t l2 h [ ff(t l2 )-\ 0)) 

= Wj^si, s 2g ), (hP, h%\o), (h [ ?\ h%\oj) (7.2) 

for some t = (ti,...,t n ) satisfying Y[j=iij — 1 an d ^i = h- For any s G U(l), we may 
conjugate all the by s n ~ r and all the /if 2 ' by s~ r without changing the image under ^a; 
choosing s so that s n ~ r ti = s~ r t 2 we find that the equation ( |7.2|) is satisfied for tj = tjs n ~ r 
(when j G I\) and tj = tjs~ r (when j G I 2 ). 

To show that is finite-to-one and surjective, suppose that (hi, . . . , h 2g , A) G Fi t \] we 
must check that a finite (and nonzero) number of T r x T„_ r orbits in 

(S 1 ) 2 * x (ji£ ir) (o)nMMh,\))) x (^ M (o)nM M (c(i 2l -A))) 

map into the T n _i orbit of (hi, . . . , h 2g , A). Now by the definition of F^a we have A = 
27udiag(A, —A, 0, . . . , 0) and each hj is block diagonal of the form 

\hf ] 1 

with respect to the decomposition of {1, . . . , n} as Ji U I 2 . So 

*/,*((*!, • • • , 5 2s ), (iff 11 , . . . , 0), (iff 21 , . . . , < 2] , 0)) 

belongs to the T n _i orbit of (h\, . . . , h 2g , A) if and only if there is some t = (ti,...,t„) 
satisfying ITj=i ^ — 1 an d ti = ^2 such that 

s n~r H lh] =ihh lh] {ih) -l 

and 

^/ff^^^fe)" 1 

where = (t^, . . . , t ir ) G T r and t l2 = (t ir+1 , . . . , t in ) G T n _, r . Since det if] 71 ' = 1 = det ifj- 
and det hj ' det /if 2 ' = 1, by the argument of the previous paragraph this happens if and 
only if (s.,)^™ - ^ = det /if 1 ' and s^iff 1 ' is conjugate to /if 1 ' and s~ r iff 2 ' is conjugate to 
/if 2 '. Thus ^ 7 iA is surjective and (r(n - r)) 2f? to one. □ 



Remark 7.4 Note that by the definition of Cj (see Proposition |7.3|) no proper subsequence 



of 1 

(ci, 



or c; 



«r+l ' 



7,A\ 



has product equal to 1, because the same is true of 
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Remark 7.5 It follows from Proposition |7.3| that if is orientation preserving (and we 
shall see below in Remark |7.13| that takes a natural symplectic orientation on (S 1 ) 29 x 
N r (c(Ii, A)) x N n _ r (c(l2, — A)) to the symplectic orientation induced by u on Fi t \) then 



$n-i{rie*) = (r(n - r))- 2 * / ttj j^fae*) (7.3) 

where both sides are elements of H0~ . To be more precise we should replace rje^ on each side 



of this equation by its restriction to Fi t \, and as in Proposition |T3] and Lemma |6/?| we use 
the double cover T\ x T n _i — > T n to define 

$ n _x : H* Tn {F hX ) - ^(F /iA ) = H* fi ® H*(F IjX ). 

Recall from the proof of the last proposition that the homomorphism 

pi : S 1 x SU(r) x SU(n -r)^H I C SU(n) 

given by 

Pl : (s,A,S) h 



s n " r A 
s~ r B 



with respect to the decomposition of {!,..., n} as I\ U 72 restricts to an r(n — r) to one 
surjective homomorphism 

pj : S x T r x T n — r > T n . 
It is easy to check that the inclusions of 7\, T r and T n _ r in T n induce an isomorphism 

p r : T\ x T r x T n — r > T n 

such that /?/ and p r have the same restriction to T r x T n __ r . The composition of this restriction 
with the natural surjection from T n to T n jT\ = T n _i/(Ti n T n _i) gives an isomorphism 

T r x T n _ r — > T n /T\ = r n _i/ (Ti n r n _i). 

Moreover the composition of p/ with the inverse of p r defines a finite (in fact r(n — r) to 
one) cover 

v i . S x Tj> x ^/"^j, y ^ ^Z~]_ x x ^Z~^j ^» 

which restricts to the identity on T r x T n _ r and induces a finite cover z// : S 1 — > Ti and 
isomorphisms on Lie algebras and equivariant cohomology. 

The argument in the proof of the last proposition to show that the map ^i t x is well 
defined on the quotient by the action of T r x T n _ r may be rephrased as the statement that 
the map 

* JfA : (S 1 ) 2 * x (p^ (r) (0) n M r (c(h, A))) x (p^ (n _ r) (0) n M n _ r (c(/ 2 , -A))) - F /)A 



defined in the proof of Proposition |7.3| satisfies 

*i,A (t((si, • • • , s 2g ), (hP, h [ ff,0), (h™, h [ ff,0))) 
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= Pl (t)* I>x ((s u . . . , s 2g ), (h [ ?\ . . . , 0), (tf 2] , . . . , h[f, 0) 
for all t G S 1 x T r x T n _ r , where S 1 acts trivially. Thus and p/ induce ^f} A from 

flSi ® # *((^) 29 ) ® H} r (vi£ ir) (p) n M r (c(ii, A))) (g) ^* n _ r (^ (ri _ r) (o) n M n __ r (c(/ 2 , -A))) 

and 

J (S 1 ) 29 xAf r (c(/i,A))xA r n _ r (c(/2,— A)) 

= / (l®$ r ®$ n _ r )** A (77e°), 
y(Sfi)SsxJV r (c(/i,A))xJV n _ r (c(/ 2 ,-A)) 

where both sides are elements of #51. Hence by ( [7.3|) , if Y"i is the coordinate on ti given 



by the restriction of Yi = X\ — X 2 on t and Y* is the coordinate on the Lie algebra of S 1 
obtained from Yi via the isomorphism on Lie algebras induced by uj : S 1 — > Ti, then 

Resy 1=0 / fc^ifae ) = 
))- 29 Res y/=0 / (1 ® $ r <g> $ n _ r )tf} A (r^). 

1 ./fSM 2 9xAUcf/i,A))xV„_ r f C (/o,-A)) 



rin — r 



'(S 1 ) 2 9xAf r (c(/ 1 ,A))xV n _ r .(c(/ 2 ,-A)) 

Since S" 1 acts trivially, the residue operation Res r / =0 : if — > C can be extended to map 

H* sl ® H*^ 1 ) 2 *) ® HI L-£ (r) (0) n M r (c(J lf A))) ® /T^_ r U^(n-r)(0) H Af n _ P (c(/ 2 , -A))) 
to 

^((S 1 ) 5 *) ® U^ W (0) n M r (c(/!, A))) ® /T^_ r ^OT(»-r)(0) n ^n-r(c(/ 2 , -A))) 

so that it commutes with $ r and $ n _ r and with integration over N r (c(Ii, A)) and integration 
over N n _ r (c(l2, —A)). In particular by expressing integrals over products as iterated integrals 
we obtain 

Resy 1=0 I $ n _i(^) 

J Ft „ 



lN n - r (c(h -A)) 1 JNr(c(h,X)) J^S 1 )^ 

This will be important when we apply induction later. 



Recall from Lemma pT7| that T is the set of components of the fixed point set of the action 
of Ti on the quotient P _1 (V) n // _1 (ti)/T„_i, where V is a sufficiently small T-invariant 
neighbourhood of c in i^. Every F G contains a component T/ )A of the fixed point set 
of the action of T\ on M(c) R / u _1 (t 1 )/T n _ 1 , and each T/ A is contained in a unique F G .T 7 
(see Proposition |7.1| for the definition of Fi x)- For each I and A we now need to understand 
the normal bundle in P _1 (V) fl / u~ 1 (ti)/T n _i to the component F G T of the fixed point set 
which contains TV a- First, we observe that there is the following decomposition: 
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Remark 7.6 Let I be a subset of {3, . . . , n} with r — 1 elements where 1 < r < n — 1, let 
J x = J U {1} and let I 2 = {1, . . . , n} - I 2 . Then 

P n (X)=D^(X)^ ] r (^)^W 

where 

vp\x)= n 

l<j<fc<r 

is the product of the positive roots of SU (r) embedded in SU{n) via the inclusion of I\ in 
{l,...,n}, 

2>J2rP0= n 

r+l<j'<fc<n 

is the product of the positive roots of SU (n — r) embedded in SU(n) via the inclusion of l 2 
in {1, ... , n}, and 

tj(x)=± n 

l<j<r<k<n 

where the sign is + or — depending on whether the permutation 

1 2 ... n 
u *1 H ■■■ in 

is even or odd. Note also that 

( _ ir (n-,) (r/(X))2= ]-[ (X,-X,). 

(jj)e/ix/ 2 u/ 2 x/i 

Now we can find the Ti-equivariant Euler class of the normal bundle in P~ l (V) D 
/ u _1 (t 1 )/T n _ 1 to the component F G T of the fixed point set which contains F^a- 

Lemma 7.7 Lei I be a subset of {3, . . . , n} with r — 1 elements where 1 < r < n — 1, and 
Zet A G K 6e a solution of the equation 

e- 2mx = n 

JTien £/ie Ti-equivariant Euler class of the normal bundle in P _1 (V) D /i _1 (t 1 )/T n _ 1 to i/je 
component F G o/ i/ie /ixecZ poini set o/ i/je action ofT\ on P _1 (V) D /i _1 (t 1 )/T n _ 1 which 
contains Fj \ is given by ep = (—l) r(jl ~ r ^ 9 <& n -i{jj 9 ). 

Proof: The proof of Proposition [TT] shows that the component F G .P of the fixed point set 
of the action of 7\ on P _1 (V) R /i _1 (t 1 )/T„_ 1 which contains Fj^ is 

F = p- 1 (i/)n(F / 29 xt 1 )/T n _ ll 

whereas /i -1 ^) = X 23 x t x . The T-equivariant Chern roots of the normal bundle to H^ 9 
in K 2g are Xj — Xj for (z, j) G p x J 2 U J 2 x P with multiplicity g. The result follows by 



Remark 7.6. □ 
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Lemma 7.8 Let I be a subset of {3, . . . , n} with r — 1 elements where 1 < r < n — 1, let 
Ii — I U Ze£ J2 = {1, . . . , n} — I\ and let X E R be a solution of the equation 



e~ 2mX = II c r 
jeii 



Let F be the component of the fixed point set of the action ofT\ on P 1 (V) fl /i 1 (t 1 )/T n _ 1 
which contains Fi } \, where Fi t \ is as defined in Proposition \7. 1\ . We then have 

fjv-iC^aO = ( _ irM ( 9 -D f $„_ l( ^!_) 
/■■ e F Jf i>x 

V^\X)V^} r {X)ne\ 



where a is the T n -equivariant differential form on K 2g x k gzi>en by Proposition |5. ^ which is 



supported near M(c) and represents the equivariant Poincare dual of M(c) in K 2g x k. 

Proof: The T n -equivariant differential form a on i^ 29 x k which represents the equivariant 
Poincare dual of M(c) = P _1 (c) in K 29 x k was defined in Proposition |5.7| as a pullback via the 
map P : K 2g x k — > K. By using the restriction P : Hj 9 X ti — ► Hi we can similarly define a 
T n -equivariant differential form 07 on Hj 9 x ti which represents the equivariant Poincare dual 
of M(c) n (Hj 9 x ti) in H] 9 x ti. The restriction of $ n _i(aj) then represents the Poincare 
dual to Fi t \ in F, provided suitable orientations are chosen. Note that {1, . . . , 1} x k is 
transverse to both M(c) = P _1 (c) and yu _1 (0) = K 2g x {0} in K 2g x k, and that if A e k 
then 

M1,...,1,A) = -A 

while 

P(l,...,l,A) = exp(-A). 

From the orientation conventions of Remark [3.5| it follows that the normal to P^ 1 {Hi) in 
K 2g x k is T n -equivariantly isomorphic to the kernel of the restriction map k* — > hj. Thus 
the restriction of (— l) r(n-r V/a/ to Hj 9 x ti has compact support near M(c) and locally 
represents the equivariant Poincare dual to M(c) in K 2g x k, so we can substitute it for a 
011 Hj 9 x ti and we can substitute (— l) r(n r )<E> n _i(T/-a!/) for $ n _x(a) on F. 

We have that = (— l) r< - n_r ' l9 $ n _i(rj 51 ) by the last lemma. We therefore get 

= (-ly^- 1 ) / $n-l(^pi), 
and Remark [7.6| completes the proof. □ 



Remark 7.9 The condition for F E T to appear in the sum in the statement of Lemma 
was that 

-||e 1 || 2 <(e 1 ,/i(F))<0. (7.4) 
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Let / be a subset of {3, . . . , n} with r — 1 elements where 1 < r < n — 1, and let A G R be a 
solution of the equation 



e 



If F G is the component of the fixed point set of the action of T\ on P _1 (V) n/^ -1 (ti)/T n _i 
which contains F I X , then 

^fi( F ) = MtxO^a) = -Aei. 
We thus find that for each / there is precisely one solution A G K to the equation 



-27riA 



n 



such that the component F of the fixed point set of the action of T\ on P 1 (V)C\fi 1 (ti)/T„_i 



which contains Fj t \ contributes to the sum in Lemma |6.7| . This solution is A = 5i where 5i 
is the non-integer part of 

J Gil 

and so we have 

fif^F) = -Siei. 

(Note that since IXjeJi c i nas m °dulus 1 but is not equal to 1, the non-integer part of 
^-logflj-g^ Cj is well defined as an element of the open interval (0, 1) in E.) We therefore 
define 

and also = ^ify and tyj = ^z,^. 

We can now deduce the following result. 
Proposition 7.10 Ifr)(X) is a polynomial in the a r (X) and lP r {X), so that s*- 77 = r\, then 
f <5> n ( V e°) - { $ n (r7^e- yi ) = / $ n ((l - e- y i)< 

E E (-ly^^ReSY^O f $n-l( 



776^ 



l<r<n-l 7C{3,...,n},|/|=r-l 



Proof: Recall that the coordinates Yk = e^{X) =< e&, X > were introduced in Definition 5J3 



The result then follows immediately from Lemma |6.7| , Lemma |7]8| and Remark |7.9| above 



together with Lemma |6.1| and Remark |7.2| . □ 

Remark 7.11 This proposition is also true for formal equivariant cohomology classes 77 = 
Ys'jLoVj with r/j G H 3 K (M(c)), because all but finitely many rjj contribute zero to both sides 
of the equations. 
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Corollary 7.12 Suppose r) is a polynomial in the a r (X) and b J r (X), so that s^rj = rj. Then 

Jn »® l<r<n-l/C{3,...,n},|/|=r-l JFl T I i 1 



Proof: This follows by applying Remark [7.6| and Proposition |7.10| with rj replaced by the 
formal equivariant cohomology class rfD n j{\ — e~ Yl ). This is valid by Remark |7.11| because 
Y\ divides V n {X) and so T> n /(1 — e _Yl ) can be expressed as a power series in Yi whose 
coefficients are polynomials in the other coordinates Y 2 , . . . , Y n _\. □ 



Remark 7.13 Recall from the proof of Proposition [7.3| that 

: (S 1 ) 2 * x (A*iJ (r) (0) n ^(cft, 5,))) x (/i^ (n _ r) (0) n M n _ P (c(/ 2 , -5,))) - F IA 



s n ~ r A 
s~ r .B 



is defined for 5j as in Remark |7.9| by 

• • • , s 2g ), {hf\ . . . , h$,0), {hf\ . . . , h%\0 

= (( Pl (s u h^\h^ ] ) )Pl {s 2) hP,h [ * 2] ), . . . , Pl (s 2g , h%\h% ] ), 2«diag(5 / , -5j, 0, . . . , 0) 
using the map 

Pi : S 1 x Sf/(r) x 5C/(n - r) -> 5(?7(r) x C/(n - r)) c S?7(n) 

given by 

Pi : (s,A,B) i-> 

with respect to the decomposition of {1, . . . , n} as ii U I 2 , which restricts to anr(n- r) to 
one surjective homomorphism 

Pl : S 1 x T r x T n _ r -> T n . 

Since cD = lj + p is constructed using the inner product <, > defined at (2.2) on the Lie 
algebra k of K = SU (n), and since pj embeds the Lie algebras of S 1 , SU (r) and SU(n — r) 
as mutually orthogonal subspaces of k, we have 

i&i(u>) — Cu r + UJ n -r + — 5iii 

for some f2 G H 2 ((S 1 ) 2g ), where u r and defined like ui but with n replaced by r and 

n — r. Thus we have 

Since (X>J. /l] ) = V r and ^}(V l ^ r ) = V n _ r , we can combine this with Corollary |7T| and 
Remark |7.5| to obtain the result on which is based the inductive proof of Witten's formulas 
in the next section. 
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Proposition 7.14 If c G T satisfies the conditions of Remark \6.j\ , and if r](X) is a polyno- 
mial in the a r (X) and b 3 r (X) so that s*gT) = r\, then 



>N n (c) 

where 



E 

\<r<n-\ IC{3,...,n},\I\ 



E (-l) r( ^ )( - 1) Res yi .o / *n-i( '^Zf'^" ) 



is equal to (r(n — r))~ 2g times 
[ $ r (P r e^Res y/=0 / <$>n- r {V n 

JN r (c(h,di)) 1 JN n -r(c(I 2 -Si)) 

and also to (r(n — r))~ 29 times 



(5l)2fl e ^ r 2 9 - 2(1 _ e _ Yl) 



))) 



N n - r (c(l2,Si)) 



$ n - r (V n _ r e* n - r Resyi 



N r {c(h,6i)) 



e n ^V 



r]e 



-SrYi 



(Si) 



1 rf< 2 (l- f > i 



-)))• 



Here c(Ji, 5i)) and c(l2, —Si) are defined as in Proposition [7^ with 5i as in Remark |7.£| and 
uj t , oJ n -r and Q as in Remark [7. 



Remark 7.15 For any 7 G T n a unique 7 G t n can be chosen so that exp7 = 7 and 7 
belongs to the fundamental domain defined by the simple roots for the translation action on 
t n of the integer lattice A 1 (i.e. 7 = jiii + . . . + 7 n _ie„_i with < jj < 1 for 1 < j < n — 1). 
Suppose that c(Ii,Si) G t r and c(/2, — 5j) G t„_ r are chosen in this way in the fundamental 
domains defined by the simple roots for the translation actions on t r and t n _ r of their integer 
lattices, satisfying 



expc(/i,5/) = c(Ix,5j) = diag(c^ 



I,Si 



J, Si 



and 



expc(/ 2 , Si) 



c(I 2 , -5i) = diag(c /,<5 '' 



J,$i\ 



lr+1 ' 



where (as in Proposition |7.3| and Remark |T79) we define 5i to be the non-integer part of 



^loglT/eTi c j an d let cf 51 = Cj if j > 3, and c[' dl = Cie""*" 1 ana c 2 '~* = c 2 e 

In the proof of the main theorem (Theorem |8.1| ) of the next section we shall need to 
consider the elements w) and wj of the subgroup S n -i of the Weyl group W = S n of SU (n) 
given by the permutations 

" 1 2 ... n 

k H ■■■ in 



1 and c 



1,5, 



-2iri&j 



and 



1 2 ... n — r n — r + 1 

V+l 1r+2 ■ ■ ■ % n 1*1 



n 
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in the cases when i r — 1 and i r+ % = 2 and i n = n and when i\ = 1 and i n = 2 and i r — n 
respectively. We will use the fact that if i r — 1 and i r+ i = 2 and i n = n then 



™}(c) 



c(/i,5j) 
c(/ 2 ,-<5j) 



+ (1 - <S/)ei, 



where the block diagonal form is taken with respect to the decomposition of {1, . . . ,n} as 
{1, . . . , r} U {r + 1, . . . , n}. To see why this is the case, note that 

wj(c)(X) = 7l (X n -X n ) + ... 7 „-i(X ln „ 1 - X in ) 

where 7^ is the non-integer part of ^r\ogY\j <k c i:j , so that -y r = 1 — 5j and if k < r then 7 fc 
is the non-integer part of ^logYlj <k c^ S ' whereas if k > r then 7^ is the non-integer part of 

r<j<k r<j<k 



Similarly if ii = 1 and i n = 2 and i r = n then 

c(/ 2 ,-«Jj) 









c(/i,<5j) 



where the block diagonal form is taken with respect to the decomposition of {1, . . . , n} as 
{1, . . . , n — r} U {n — r + 1, . . . , n}. 



8 Proof of the iterated residue formula 

In this section we shall use induction to prove Witten's formulas in the formulation given in 
Section 2 (see Proposition |2.2| ) involving iterated residues, for pairings of the form 

n 2g 

II < r II ( b t r ) Pr ' kr exp(f 2 )[M(n, d)} (8.1) 

r=2 fc r =l 



for nonnegative integers m r and p ri fc. The induction is based on Proposition [7.14 In the 
next section we shall extend the proof to give formulas for all pairings, and in the following 
section we shall show that these formulas are equivalent to those of Witten. 

We are aiming to prove 

Theorem 8.1 Let c = diag ( e 27nd / n , . . . , e 2md / n ^ w here d G {1, . . . , n — 1} is coprime to n, 
and suppose that 77 G H* su ^{M n {c)) is a polynomial Q(&2, ■ ■ ■ , a n , b\, . . . , b^ 9 ) in the equiv- 
ariant cohomology classes d T and V r for 2 < r < n and 1 < j < 2g. Then the pairing 
Q(a 2 , • • • , a n , bl, . . . , bl 9 ) exp(f 2 )[M(n, d)} is given by 



L 



(--\)n+(g-l) ( y ([[wc]],X) r u 

^\n e ) = i Res n=0 . . . Resy n _ 1=0 



mm w 7 " n\ ri - u '" r "- l - u VA 2 r 2 ni< J <„-i(ex P (r i )-i 
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where n + = ^n(n — 1) is the number of positive roots of K = SU(n) and X G T n has 
coordinates Y\ — X\ — X2, . . . , Y n -\ = ^n-i ~~ X n defined by the simple roots, while W n -\ — 
S n -i is the Weyl group of SU(n — 1) embedded in SU(n) in the standard way using the first 
n — 1 coordinates. The element c was defined in Remark \2. 5| : it is the unique element of t n 
which satisfies e 2mc = c and belongs to the fundamental domain defined by the simple roots 
for the translation action on t n of the integer lattice A 1 . Also, the notation [[7]] (introduced 
in Definition \2. 1\) means the unique element which is in the fundamental domain defined by 
the simple roots for the translation action on t n of the integer lattice and for which [[7]] is 
equal to 7 plus some element of the integer lattice. 



Remark 8.2 Here the integral 

/ Ve u 
Jt 2 f 

is to be interpreted as the integral of the restriction of rje^ over a connected component 

T n 29 x {A} 

(for some A e t n satisfying cexpA = 1) of the fixed point set of the action of T n on M n (c). 
It does not matter which component we choose here, because 7] and to are invariant under 
the translation maps sa defined at Lemma O for A in the integer lattice of t n . 



Remark 8.3 (a) We can substitute —X for X in Theorem |S.1| to get 

La, ^ $ ^ ' e = i Resy 1=0 . . . Resy n _ 1=0 2 2 

J MM n\ V v n Ili<j<n-i(l -exp(-l^)) 

(b) When rj is a polynomial in 02, . . . , a n then 

r]e w = 7] e w = n 9 r] 



see Lemma [10 .7| below) . Since a r is represented by the polynomial r r (— X) for 2 < r < n (see 



Proposition ^4.4j or Section 9 below), this means that, by (a) above, Theorem |8J] combined 
with Proposition [2.2| gives us Witten's formula (2.4). 

(c) We can also replace the symplectic form uj by any nonzero scalar multiple eu. Then the 
moment map fi is multiplied by the same scalar e, and the proof of Theorem |S.1| yields 



La, ^ ^ e = i Resy 1=0 . . . Resy„_ 1=0 2 2 -— — . 

J MM n\ \V n 9 ]li<i<„-i(exp(eF i ) - 1) J 

If the degree of rj is equal to the dimension of M(n, d) then the left hand side of this equation 
is equal to 

J MM 

and hence is independent of e. Thus in this case we can take any nonzero value of e on the 
right hand side, or let e tend to zero, to give alternative formulas for Sj\/[t nd \ $(??)• 
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Recall from Lemma 16.11 that 



/ H>{r]e ) = -! ^ n (V nV en. (8.2) 

JM{n,d) n\ JN n {c) 



Proposition |7. 14| tells us that J N r c -\ ^n^PrJ]^ 3 ) can be expressed in terms of iterated integrals 



of the same form for smaller values of n, but with c no longer central in K — SU(n). We 



shall therefore obtain Theorem 8.1 from the following result involving values of c which are 



not central (cf. Remark |6.4|) , which will be proved by induction on n. 

Proposition 8.4 Let c = diag(ci, . . . , c n ) G T n be such that the product of no proper subset 
o/ci, . . . , c n is 1. If T)(X) is a polynomial in the a r (X) and bl(X), so that s%T) = rj, then 

r „([[wc]],X) f „„oj 

/ /T~> ii\ / -,\n+(q-l)-D -D ( ^w6VK„_i e JT„ 2 9 '/ e 

/ $ n (P n ^e = (-1) +w ; Resy 1=0 . . . Res y „_ 1=0 ( 2 2 ? — — - 

where W n -\ = £ n _i is the Weyl group of SU{n — l) , embedded in SU(n) in the standard way 
using the first n — 1 coordinates, and c — (ci, . . . , c n ) G t n satisfies e 2mc = c and belongs to 
the fundamental domain defined by the simple roots for the translation action on t n of the 
integer lattice A 1 . 



Proof of Theorem |8.1| from Proposition |8.4| : Note that when c = diag(e 27nd//n , . . . , e 2md / n ^ 

we had introduced an element c G t n (see Remark |2.3|) which satisfies e 2mc = c and belongs 



to the fundamental domain defined by the simple roots for the translation action on T n of 
the integer lattice A 1 . Thus Theorem ^TT] follows immediately from (8.2) and Proposition 



8.4. □ 



Proof of Proposition |8.4j : The proof is by induction on n. When n — 1 then both SU (n) 
and the torus T n are trivial, T> n = 1 and both M n (c) and N n (c) are single points. Thus in 
this case Proposition |BT4| reduces to the tautology r\ = rj for any r\ G H* sv ^(M\{c)). 

Now let us assume that n > 1 and that the result is true for all smaller values of n. By 



Proposition |7.14j we have 



JN ^ l<r<n-UC{3,...,n},|J|=r-l Jf * ^ (1 - e"*) 

where 

Resy 1=0 / $n-l( 

JF 7 rf 9 (1 - e~ Yl ) 
is equal to (r(n — r)) -29 times the iterated integral 

/ $ r (P r e^Res y/=0 / $„_ r (2\_ r e^ f e u ^( 2 J 6 ))) 

JNricihJl)) 1 JNn-r(c(l2,-Sl)) J (S 1 )^ T j 9 (1 - e~ Yl ) 

and also to (r(n — r))~ 29 times the iterated integral 
/ $ n _ r (P n _ r e^-"Res y/=0 / $ r (Z> r e°' / e^Hw^r))), 
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for c(Ji, 5j) and c(i2, —Si) defined as in Proposition |773| with 5i as in Remark [T7jj] and n as 
in Remark ^6|. Here Q 6 H^S 1 ) 29 ) satisfies 

^/(u>) = d} r + cD„_ r + — 5jei 



as in Remark |7.13| . 



We need to consider separately those J containing n and those for which n is not an 
element of J; first let us suppose that n is not an element of I. Note that 

and 

e SiYi e (i-5/)>i 



1 - e- y i e y i - 1 ' 

The finite cover pi : S 1 xT r x T ra _ r — > T n is r(n — r) to one, so that it induces an (r(n — r)) 2g 
to one surjection from (S 1 ) 29 x T 2g x T^_ T to T n 29 and we have 

T 2s ^(Si)29xT r 29 xT^ r 

Moreover this finite cover pj : S 1 x T r x T n _ r —>■ T n takes the coordinate Y\ = Xi — X 2 on t 
to the coordinate Y* on the Lie algebra of S 1 . Since fy} was defined using pj (see Remark 
775), we deduce using Remark [7. 13| and Remark 17761 and induction on n that (— l) r ( n_r )(s -1 ) 



times the iterated integral 

/ $ r (X> r e*'Resw =0 f $„_ r (D n _ r e^ f e n ^}( v J )) 

JNricihfy)) 1 JN n - r (<h-6i)) J(S^ \f 2 (1 - e- y i) 

equals (— l) n +^ _1 ^(r(r7, — r)) 29 times the iterated residue 

Resx n -x l2 =o • • ■ R es x ir _ 1 -x lr =oResx 1 -x 2 =oResx ir+1 -x lr+2 =o • • • Resx n -x l2 =o 

e <[[t«ic(j 1 ,*7)]],yi l > e ([[wac(Ja,-fr)]],yj 2 ) e (i-*/)yi j 2fl ^\ 
^SL ^JLa ^"V 1 - 1) n^(exp(X 4j - - 1) J 

where and Y} 2 are the projections of X onto the Lie algebras of the maximal tori T r and 
T n _ r of SU(r) and ^[/(n — r) embedded in SU(n) via the decomposition of {1, . . . , n} as 
ii U J2, and W 7 ,,-! and W n - r -i are the Weyl groups of Si7 (r — 1) and SU (n — r — 1) embedded 
in SU(r) and SU(n — r) using all but the last coordinates. 

There is no need to assume that i\ < i 2 < . . . < i r and i r+ i < i r+2 <...<«„ here. We 
simply need that I\ — JU {1} = . . . , i r } and I 2 — {1, . . . , n} — Ii — {i r +i, • • • , So let 
us assume that 

i r = 1 

and 

V+i = 2. 
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We are also supposing that n is not an element of I (i.e. that n G I2) so we may assume in 
addition that i n = n. Then we can apply the Weyl transformation w] G W„_i given by the 
permutation 

1 ... r ... n — l 

Zi ... Z r ... ^n— 1 



together with Remark |7.15| to identify the iterated residue above with 

e ([[w}w 1 w 2 (c)]],X) r ^ 

(-irH^)^...^ E E ^f*o (i-^cpf-y-)) - 



When n & I the argument is similar but we apply induction to (— l)' r ( n r ^ 9 ^ times 



$ n _ r (£> n _ r e lJ "-'-Res y i =0 / § r {V r & 



r/e 



77 y (1 — e ri 



-))) 



and observe that 



Res 



Xi-X 2 =0 



g— 5j(Xi— X2) 

1 _ e -(Xi-x 2 ) 



-Resxo 



-Xi=0 



g5/ (X2— Xi) 

1 - e x ' 2 ~ Xl 



(see the Remark after Corollary |3T2]) . As Ji = /U{1} = {z'x, . . . , z r } and 7 2 = {1, . . . , ti}— ix = 
{z r +i, • • • and n G 7 we can assume that z'x = 1, z r = n and z n = 2. Then we use the 
Weyl transformation wj G W n _i given by the permutation 

1 ... n — r n — r + 1 ... n — l 

Z r _|_X ... Z n Zx ... 1r—l 



together with Remark |7.15| to equate the iterated integral above with 



e <K™(c)]],x) j ve 

Resy 1=0 . . . Res y „_ 1=0 E E ^-2 n — 



1 (exp(y j ) - 1) 



Thus it suffices to prove 



Lemma 8.5 For each subset I of {3, ... ,n} with r — 1 elements, let us fix z'x, . . . ,i n such 
that I U {1} = {z'x, . . . , i r } and {2, . . . , n} — I — {i r +i, ■ ■ ■ , i n } an d also i r = 1, i r+1 = 2 and 
i n = n (if n <jt I ) or i 1 = 1, i r = n and i n — 2 (if n G I). Define permutations w) (for I 
such that n $ I) and wj (for I such that n G I) as above. Then as 

(i) r runs over {1, . . . , n — 1} ; 

(ii) W\ runs over permutations of {1, ... , r} fixing r, 

(Hi) W2 runs over permutations of {r + 1, . . . , n} fixing n and 
(iv) I runs over subsets of {3, . . . , n} with r — 1 elements not containing n, 
the product w}wxW2 runs over the set of permutations w of {1, ... ,n} fixing n such that 



w _1 (l) < w-\2). 
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Moreover if instead of (iv) I runs over subsets of {3, ... , n} with r — 1 elements containing 
n, then the product wjwiW2 runs over the set of permutations w of {1, . . . , n} fixing n such 
that 

w' l {l) > w~ 1 (2). 

Proof: If w G W n -\ satisfies w~ l (l) < w^ 1 (2) let r = and I = {j : w~ l (j) < r}. On 

the other hand if w G W n _\ satisfies > w^ 1 (2) let r = n — w^ 1 {2) and I = {j > 1 : 

w ~ 1 {j) > n — r}U {n}. In each case it is easy to check that there exist unique choices of W\ 
and W2 such that w}wiW2 = w or WjW\W2 = w. 



This completes the proof of the lemma and hence of Proposition 3.4 



Remark 8.6 It is shown in Proposition 3.4 of that the multivariable residue (multiplied 
by the constant Ck) of Theorem |37[] and formula (|6.1|) can be replaced by the iterated one- 
variable residue 

R- es y 1= o • • • R- es y n _ 1= o 

multiplied by the Jacobian (in this case 1/n) of the change of coordinates from an orthonor- 
mal system to (Yi, . . . , Y n -i)- Here, if Res y= og(y) denotes the coefficient of y~ l in the Laurent 
expansion about of a meromorphic function g(y) of one complex variable y, then Res + is 
defined for meromorphic functions of the special form J2i<i< s eXiy Qi{y)i where Ai, . . . , X s are 
real numbers and qi, . . . ,q s are rational functions of one variable with complex coefficients, 
by 

Res+ =0 ( E e XlV K(y)) = E Res y=0 (e^q t (y)). 

l<i<s Ki<s,Xi>0 



Since 



can be formally expanded as 



ev - 1 



- E 



e 



(m+7)y 



m€Z,m+7>0 

when < 7 < 1, the formula (|6.1| ) can be formally rewritten as 

U^eMf2)[M(n,d)) = — — Res+ =0 ...Res+_ 1=0 ^ ^ 

r=2 n U n lll<j<n-H e 3 ~ l ) 

Moreover the multivariable residue Res is invariant under the action of the Weyl group, as 
are all the other ingredients of the right hand side of ( |6.1|) except for c. Thus by averaging 
QS.ip over the Weyl group we obtain a special case of Theorem E7L. 



9 Residue formulas for general intersection pairings 

In order to obtain explicit formulas for all the pairings, Witten observes that they can be 
obtained from those for the a r and f r via his formula [|5(J (5.20). In this section we shall 
generalize our version of his formula ( IpOfl (4.74), which is our Theorem |3.1| via the results 
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of Section 2) to give formulas for Jj^\t n ^ $(^e^) where 77 is an equivariant cohomology class 

that does not simply involve the a r (X) but also involves the V r (X) and the f r {X) (see 
Theorems |9.11| and |9.12| below). The key step in the proof is Lemma |9.9| , combined with the 



argument used in Sections 5-8 to prove Theorem p7l . 

In the next section we shall see that Theorem |9.11| yields Witten's formula ptj (5.20). 
This will follow from certain equations satisfied by the formula given in Theorem |9.10| (Propo- 
sitions |TU3 and|HT3D. 



The next lemma (from |j30|| ) will give an explicit formula for an equivariant cohomology 
class f r {X) on M(c) such that $(/ r (X)) = f r (cf. Proposition £Oj). In order to state it, we 
introduce the following notation. 

Definition 9.1 (The moment) If 6 is the Maurer- Cartan form on K , the moment J (6) e 
(n\K) ® k*)^ is defined forXek by 

J(6)(X) k = -L X# 6 = -Ad(k- l )X, (9.1) 
where X* is the vector field on K given by the left action of X on K. 



Remark 9.2 See 0, Chapter 7 for an explanation of the role of the moment in the con- 
struction of equivariant characteristic classes, via an equivariant version of Chern-Weil the- 
ory. Given a principal bundle over a iT-manifold equipped with a compatible action of K on 
the total space of the bundle, the moment J plays the same role as the symplectic moment 
map plays for a principal U(l) bundle C over a Hamiltonian .ff -manifold with ci(C) = [u] 
(and with a lift of the action of K to the total space of C). In particular, the appropriate 
notion of "equivariant curvature" is the sum of the usual curvature and the moment J. 



In the next few paragraphs we provide a brief outline of the use of the Bott-Shulman 
construction (see for instance |TIJ and other references given in |PD| ) to obtain equivariant 
differential forms representing the equivariant characteristic classes f r (X). This material is 
summarized from [3D , which gives a construction of de Rham representatives for equivariant 
characteristic classes giving rise to the characteristic classes of the universal bundle over 
M.{n,d) x E. This was accomplished by regarding this bundle (and the classifying space for 
it) as simplicial manifolds. For more details see |]30| . 

Let A 2 = {(to, £1,^2) € [0, l] 3 : t + ti + t2 = 1} be the standard 2-simplex. There is a 
principal i^-bundle 

A 2 x K 3 A 2 x K 2 
for which the bundle projection 7r 2 : K 3 — > K 2 is given by 

^2(90,91,92) = (9q9i 1 , 9i9 2 l ) (@. ( 3 - 9 )) • 
We define a connection B^ 2 ) on the total space of this bundle by 

= en\A 2 xK 3 )®k, 

i=0 
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where 6® G ^(K 3 ) g) k is the Maurer-Cartan form on the z-th copy of K. The curvature 

F ( 2 ) G Vl 2 (A 2 xK 3 )®k 

of the bundle is 

F em =Y,d(ue^) + [e^\e^]. (9.2) 

i 

We use this connection and curvature and the Chern-Weil theory of equivariant characteristic 
classes (see for instance Chapter 7 of 0) to define an equivariant form on the total space 
A 2 x K 3 of the bundle, which represents the equivariant characteristic class associated to 
r r in equivariant cohomology. We then integrate this equivariant form over the simplex A 2 . 
Finally, we may pull this form back to the base space K 2 via a section a 2 : K 2 — > K 3 given 
by 

a 2 {k x M) = {hk 2 ,k 2 ,l) (@, (4.3)) 
Explicitly, we make the following definition: 

Definition 9.3 Let $f (r P ) = o|<I>f (r r ) G Q%~ 2 {K x K) (see above (4.3)) where the 
section o 2 was defined above, and 

$ 2 A '(r r ) = / r r (F e{t) + J(0(t))). (9.3) 

J A 2 

Let A 1 = {(t ,ti) e [0, l] 2 : t + h = 1} = [0, 1] be the standard 1-simplex. We shall 
perform a similar construction using a principal if-bundle 

A 1 x K 2 A 1 x if. 

The bundle projection 71*1 : -ft' 2 — > K is defined by 

ni{go,gi) = go9x l - 

A section a\ : K — > K 2 of the bundle is given by <Ji(k) = (k, 1). 
On the total space A 1 x K 2 we define a connection 

1 

qW = Y,UB® e tt^A 1 x K 2 ) ® k, 

where 9^ G Vl}(K 2 ) <S> k is the Maurer-Cartan form on the i-th. copy of if. The definition of 
the curvature 

F e(1) G fi 2 (A x x if 2 ) <g> k 

is similar to (|9.2|) . As before, we evaluate the invariant polynomial r r on the equivariant 
curvature and integrate over the simplex A 1 to get an equivariant form over K x if, and 
finally we pull this form back to K using the section <j\\ explicitly, we make the following 

Definition 9.4 We define 

$f(r r )=a*<l>f(r r )G^~ 1 (ir), 

where 

$f (r r ) = J r r (F e(t) + J(0(t))) G n^(A- x if). (9.4) 
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Definition 9.5 (Equivariant chain homotopy) We define a chain homotopy 

I K : n^(k) - n^(k) 

as follows: when v G k ; we have 

(IkP)v= r F t *{LvP)dt, (9.5) 







where F t : k — > k is multiplication by t and v is the vector field on k which takes the constant 
value v. 



Lemma 9.6 ( |]30|| , Theorem 8.1) The equivariant cohomology class of the equivariant 
differential form 

f r (x)= w if r (x) l + v 4f r (x) 2 

is a lift of f r G H 2r ~ 2 (M(n, d)) to H]^~ 2 (M(c)) . Here, the maps pr 1 and pr 2 are the 
projection maps from M(c) to K 2g and k defined at Also, from (fiSQJ, (7.13)), 



f r (X) 1 = (E(- eV 7j X eV -, + eV 7? +9 X eV ^ +9 ) $f(OP0 + (9.6) 

(E(- ev 7) +9 x ev, J+9 +ev 7 o x ev Xj )*$f (r r )(X) G Q* K (K 2 °) 



'i+g 



and 

f r (X) 2 = -I K (e*$x (r P )) G n* K (k) (9.7) 

where 7" f/or a = 0, 1 and j = 1, . . . , 2g) are certain elements of F 29 (the free group on 2g 
generators x\, . . . , %2 g , as in Section 4), whose definition is given in (7.12) of fftDJ, and for 
any z G IF 29 , ev 2 : K 2g — * K denotes the evaluation map on z. Here, e c : k — > K is defined 
by e c (A) = cexp A where the central element c = e 27rld '"diag(l, . . . , 1) was defined at (\2.(\ ). 



By ([911 ) we have 

$! A '(r r )(-X) = / r r fdt(e (0) -e«)+^ (0) +(l-t)^ (1) +j[^^+(l-0^ (1) ,^ (0) +(l-t)^ (1 
Jte[o,i] v 2 

(9. 

tAd(g^)X + (l-t)Ad(g^)x). 

Now 

*?{T r )\ TxT (-X)= / T r {dt{0® - 0®) + X) 

Jte[o,i] 

since 

d0« + i [0(0^(0] = o 
and the restrictions of ^ Q j> vanish. Further 

a*$f(r r )| T (-X)= / r r (dt0 + X), 
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>1+ 



where 9 is the Maurer-Cartan form on T. If r r (Zi, . . . , Z n -\) = Y^ii^iZ 1 where I = 
(ii,..., i n -i) is a multi-index and Z 1 = Z\* . . . Z l ™I\ (in terms of a coordinate system {Z a = 
(u a ,X), a = 1, . . . , n — 1} on t, specified by an oriented orthonormal basis u a for t for 
which 6 a ,a = 1, ... ,n — 1 are the corresponding components of the Maurer-Cartan form 
G fi^T) <8> t), then we have 

$f (r r )| T (-x) = W (T r ) I (dte 1 + z x y . . . {dWn-i + z n ^y^ 

i Jte[o,i] 

n—l 

= E O a dr r /dZ a . (9.9) 

a=l 

Lemma 9.7 VFe have for A G t (%i terms of the Maurer-Cartan form 9 G f2 1 (T) (g) t,) £/ia£ 

/x(e c ^) A = A- 



Proof: We have 

I K (e*e) A = f 1 F t *(e c *6{A))dt = A 
Jo 

since e c *6(A) : t — > R is the function with constant value A. □ 

Let q G S^k*)^ be an invariant polynomial which is given in terms of the elementary 
symmetric polynomials Tj by 

n 

q(X)=r 2 (X) + Y / SMX). (9.10) 
The associated element fr q \ of Hj C (M(c)) is defined by 

h) = h + jlUr. (9.11) 

r=3 

Here, the 5 r are formal nilpotent parameters: we expand exp /( ? ) as a formal power series 
in the 5 r . We can alternatively regard the 5 r as real parameters and exp f^ as a formal 
equivariant cohomology class: the integral 



/x<M)* (eXp/<3,) 



and the integral appearing in ( |10.4|) are well defined and are polynomial functions of the 5j, 
since Sj^\i nd \ = unless 2deg(r?) = dxmj\4(n, d). 

Note that by Lemma |9~6| we can write f( q )(X) = pr^/^X^+pig /(g) (X) 2 where f(q){X)i G 
^(^)and4)(X) 2 G^(k). 

Then we have 



57 



Lemma 9.8 For X G t, the restriction o//( g )(— X) 2 to ji l {t) is given at (hi, . . . , h 2g , A) 

7( f/ )(-X) 2 | M _ 1(t) (/i 1 , . . . , /i 2ff , A) = -(dq)x(A). 

Proof: 



/( ff) (-X) 2 | M _ 1(t) = -W$f(g)(-X) 
= -I*(E O a dq/dZ a ) by(§) 



a=l 



-(dg)x(A) by Lemma 



□ 

Lemma 9.9 Assume that let. Lei A = J2a=i m a e a G A 7 /or m a G Z (where the simple 
roots e a were defined in ( \6. 2J J[^\ and Ze£ sa denote the homeomorphism of Mj- (c) given fry 
Lemma \4-£\ . Then we have that on (c) 

s*J {q) (-X) = f (q) (-X) - (dq) x (A), (9.12) 

or equivalently 

s*J (q) (X) = f {q) (X) + (dq {o) ) x (A), 
where we have introduced the notation 

q (o) (X) = q(-X). 
Remark: This result generalizes ( |4.9| ). 

Proof of Lemma \97Q : Since f^(X) = prlf^(X)i + pi2f( q )(X) 2 , we need to prove the formula 
for s* A pr*J {q) (X) 2 where f {q) (X) 2 = -I K e*^(q) for $f (q) G tt* K (K). Lemma p| then 



follows from Lemma 19.81. □ 



Theorem 9.10 Suppose r] is a polynomial in the a r (X) and V r (X). Let q G S(k*) K . Then 
for any X G t we have 



J §L e ^ (e {dq ^ )x{e " l] - l)a) = - ]T Resy 1=0 / 

" A ""' 1 ' V FgJ r :-||e 1 ||2<(e 1 , M (F)><0 



F e^ 



ifere, we stzm over t/ie components F of the fixed point set ofT\ in P 1 {V) fl 1 (t 1 )/T„_ 1 ; 
£/ie notation is as in the statement of Lemma \6. % The notation q^ was introduced in the 



statement of Lemma \9. % We have defined the map $ n -i ^ n Proposition [gT^ ; and after ( \7.cQ 



Proof: This follows from the same proof as for Lemma |S.7|, replacing (|4.9|) by its generalization 
Lemma 19. 9L □ 



We aim to prove the following result by induction: 



15 Note that the e a are a basis of t, but not an orthonormal basis. 
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Theorem 9.11 (a) For the particular q defined in ( 9.1ty) , we have 



N n (c) 



(_l)n + ( 9 -D ^ ^ ^ lT^, { - [[wm) {e fMiX) v(X)) 



JL Re8r '" ' ' ' Re8K - - w-'n?.- 1 I (™ P -B(-v) J -i; 



where rj is a polynomial in the a r and b\, and B(X)j = —(dq)x{ej) ■ Here we have used the 
fixed invariant inner product on k to identify dqx '■ t — > R rai/i an element of t and thus 
define the map B : t — *■ t. The notation [[7]] was introduced in Definition 



Substitution of —X for X on the right hand side of the equation in Theorem |9.11| (a) gives 
the equivalent formulation 

Theorem |9.11| (b) In the notation of Theorem 



N n (c) 



(-l)n+(g-l) 

${e f («W n r)) = ± '— E Res n=0 • • • Resy n _ 1=0 



9.11\ (a) we have 



nl 



w€W n -i 



^W 29 - 2 n-=i(l-exp- J B(X) J 



Finally we may use Lemma |10.9 | and Lemma |10.12| (a) where the restrictions to T 2g of the 
equivariant cohomology classes f r (X) and V r {X) are expressed in terms of the basis Q for 
H l (T 29 ) (for a = 1, . . . , n — 1 and j = 1, . . . , 2g). We also use Lemma |10.10| , where the sym- 
plectic volume of T 29 is calculated. These lemmas enables us to compute f T2g e^^~ x ^rj(—X) 
and rephrase Theorem |9.11| (b) as follows. (Here we have also reformulated the left hand 
side of Theorem 9.11| (b) in terms of the pairings on M.(n, d), using Lemma 6.1.) 



Theorem 9.12 In the notation of Theorem \9.l1\ we have 
(a) 



k T \Pr,k r 



{ exp(/ 2 + 5 3 / 3 + ... + 5 n f n ) ft f] (& 

JJVl(n,d) r=2 kr=1 

(_l)n+(fl-l) / e dqxi[[wd]]) (Ur=2 T r(X) 

j E Resy 1=0 . . . Resy n _ 1=0 ' v 



weW n 



V(X)^U^Kl-exp-B{X)j 

n 2g n— 1 



■X 



(9.13) 



L exp{-EEccr^v(«a,^)}n n(E(^)x(««)C 

T 9 a,b j=l r=2 k r =l a=l 

(b) In particular we have that 

r n 

exp(/ 2 + 5 3 f , + ... + 5 n f n ) dp = 

JM{n,d) r=2 

e dq x ([[ W c]]) rjn =2 Tr (X) m ''(det H t (X)) 9 



n 9 

l) n+{9 ~ 1} — E l!(S v, „...Hes r „ : ir .. , /> /V — ■ 

nl w ew n _! V[X) 29 2 n i= i (1 - exp -B{X)j) 



(9.14) 
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Remark 9.13 In the preceding Theorem, we have used the following notation. The a r ,f r 
and V r (for r = 2, . . . , n and j — 1, . . . , 2g) are generators of the cohomology ring, introduced 
in Section 2. The r r are the elementary symmetric polynomials, and the 5 r are formal 
nilpotent parameters which were introduced in (|9.10| ). The polynomial q = r 2 + S" =3 5 r r r 
was introduced in ( |9.10| ). Its derivative dqx : t — > E is identified with an element of t via 
the inner product (•, •) on t, and hence dq : t — > t* is identified with a map B : t — > t (see 
the statement of Theorem |9.11| (a)). If 7 G t, the notation [[7]] was introduced in Definition 
2~T|: it is the unique element in the fundamental domain defined by the simple roots for 



the translation action on t of the integer lattice which is equivalent to 7 under translation 
by the integer lattice. The Q are derived from the components of the Maurer-Cartan form 
9 G f2 x (T) ® t in terms of an orthonormal basis {«„, a — 1, . . . , n — 1} of t: they have been 
identified with a basis of if 1 (T 2ff ). (See Definition |10.6| below.) Finally detH^(X) is the 
determinant of the Hessian of q : t — > E, in terms of the coordinates on t given by the 
orthonormal basis {u a }'- it is independent of the choice of orthonormal basis. 

We note that in Theorem |9.12| the orthonormal basis introduced above could be replaced 
by a general basis, provided one defines the Q using that basis, and multiplies the Hessian 
by a factor due to the change of basis: see Remark |10.1| below. 



Remark 9.14 We can replace f 2 by any nonzero constant scalar multiple ef 2 provided we 
replace the polynomial q by q e where 

q\X) = er 2 (X) + 5 3 r 3 (X) + . . . + 5 n r n (X) 

(cf. Remark p| (b)). 



In order to prove Theorem 9.11 and hence Theorem p. 12 we follow the proof of Theorem 



5.1 



using 



Lemma 9.15 Suppose rj is a polynomial in the a r (X) and bl(X). Then for any X e t and 
q G S(k*) K chosen as in (\9.1(\) , we have 



= - £ Re 5r ,= / Vf^f'-'t (9.15) 



where the notation is as in the statement of Lemma \S. 
Proof: This follows from Theorem |9.10| by replacing 77 by 

7]V T]t>Y 1 



f e {<k(o))x{ex) _ lj f e {dQ{o))x{ex) _ A 



(9.16) 



where we have defined V = T> jY\. Notice that (rf<?( ))x(ei) is divisible by Y\. to see this, we 
observe that if we define the generating functional 

p(x t , . . . , x n ) = na + txj) = j2 r r (Xi, • • • , x n )f 

j=l r=0 
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(where the r r are the elementary symmetric polynomials) then 



dP = ((1 + tXi)tdX 2 + (1 + tX 2 )tdX 1 ) + tXj) + V 

i=3 

where P is a collection of terms involving dX%, . . . , dX n . Evaluating dP on ei = (1, — 1, 0, . . . , 0) 
we thus obtain 

n n 

t 2 {-Y x ) Hil + tXj) = "£t r (dr r ) x {e\). 

j=3 r=0 

It follows that the (c?r r )x(ei) (and hence (dq^)x(ex)) are divisible by Y\. Thus — {dq^)x{&\) = 
— Yi(l + i>) where z/ e if^ has degree at least 1, so we have 



( e (^(o))x(ei) - l) = -Y x {\ - u) 



where v = J2j>i Vj is a formal sum of classes uj with degree at least 1 in (a completion of) 
H?p- Then the expression 

rfD \ 



(^ e ( rf 9(o))x(ei) _ ]^ 



(which appears on the left hand side of the equation in Theorem |9.10| ) is well defined. On 
the right hand side, we may replace 

Yx 



(< 



+( d Q(o))x(ei) 







□ 



by-(l-z>)- 1 = -E s >o^- 

We now use Lemma |9.15| to prove Theorem |9.11| (a) by induction on n. The proof follows 
the outline of the proof of Theorem |8.1| when q = q 2 , with the following modifications: 

1. is replaced by e*W (and e w replaced by e^9)~-^ 2 e aJ ). 

2. (dq( ))x(ei) replaces —Yx, so e^o))*^) — 1 replaces e~ Yl — 1. 

3. In particular, —(dq^)x(ex) = —B(—X)x replaces Yx in the identity 



SiYi 



1 - e"* e y i - 1 
which is used in the proof of Proposition 1874. 



We also use the elementary fact that (dq^)x = —(dq)^x = B(—X). 
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10 Witten's formulas for general intersection pairings 



In this section we state and prove Witten's formulas (Propositions |10.2| and |10.3| below; cf. 
50| , Section 5, in particular the calculations (5.11)-(5.20)), which enabled him to calculate 



general intersection pairings in terms of those of the form 



M(n,d) V" 



J 2 



We shall prove these formulas starting from our explicit formulas for the general intersection 
pairings (see Theorem |9 . 1 1|) . 

Some of the notation in the statement of Propositions |10.2| and |10.3| was introduced at the 
beginning of Section 9. The invariant polynomial q was defined by (|9.10| ). Using the invariant 
metric on k, the map — dq : k — > k* may be regarded as a map B = BW+E r >38 r B^ :k^ 
k, where we have written B^ = —dr r : k — > k; we find B^ 2 ' = —dr2 = id : k — > k. (Note 
that we have put t 2 (X) = — ^(X, X) in terms of the inner product (•, •) defined at ( p.2|) .) 
The other maps B^ r ' are not linear. 

The Hessian of — q is H; it is a function from k to symmetric bilinear forms on k. If k, I 
run over an orthonormal basis {i)k} of k then the Hessian at X is the matrix 



H{X) kl = -(d 2 q) x (vk,Vi) 



(10.1) 



Remark 10.1 In most places in Sections 9 and 10, the orthonormal basis {u a } for t may be 
replaced by any basis for t (including the basis {e a ,a — l,...,n— 1}, which is of course not 
orthonormal), and similarly for the orthonormal basis {vi} for k. However it is more conve- 
nient to define the determinant of the Hessian (given in ( |10.1| )) in terms of an orthonormal 
basis, since one must otherwise include a normalization factor proportional to the square 
of the determinant of a matrix whose columns are the basis elements. The second place 
where it is useful to introduce an orthonormal basis is in the definition of the symplectic 
form in terms of the generators Q for the cohomology of T 2g : the symplectic form is defined 
using the inner product (•, •) on t, and the formula (Lemma |10.8|) for the restriction of the 



symplectic form to T 2g is cleaner in terms of an orthonormal basis. 

For these reasons we have chosen to use an orthonormal basis for t throughout Sections 9 
and 10, although in many specific instances this basis may be replaced by a general basis. In 
particular in the statement of our main theorem Theorem |9.12| , it is easy to check that the 
orthonormal basis may be replaced by a general basis, provided that the Q are also defined 
using this basis, and that the Hessian is multiplied by the appropriate factor. 

We assume the S r are formal nilpotent parameters: then the invertibility of B is guaran- 
teed. We write B^ 1 : k — > k as the inverse of B. (If the S r are nilpotent, the inverse of B 
may be written as a formal power series in the 5 r .) 

Proposition 10.2 For any invariant polynomial r G ^(k*)^", the integral 

/MM>* (T( -* )eXp/ " ,) (1 °- 2) 
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is equal to the integral 



J MM * (t(B-\-X)) (det if (B^-*)))^ exp /a 



which is of the form that may be calculated by Theorem |5J . 



(10.3) 



Proposition 10.3 Let r G S(k*) K be an invariant polynomial, so that 



n 



c m2,...,m„ 5.,,, 
m2,...,m„ r=2 



is a polynomial in the a 2 , ■ ■ ■ , a n . Let si be real parameters (for r = 2, . . . , n and j 
l,...,2g). Then we have 



n 2g 

*(T(X)expEE^W)«P/w) = \ KA , *(r(X)expf(X)exp/ (9) ). (10.4) 

JVl(n,d) r=2 j = i JJVl(n,d) 

Here, the invariant polynomial f on k is defined (for X e t) by 

n—l n g 

f(-X) = -J2 E J244 +9 (drr)x(Ua)(dr s )x(u b )(d 2 q)- b \ 

a, 6=1 r,s=2 j=l 



where {u a : a = 1, . . . , n — 1} denotes an oriented orthonormal basis oft: see ( \10.1Q ) for the 
definition. 



Remark 10.4 Notice that in our conventions on the equivariant cohomology differential 



and the moment, the construction of [|30|] described at the beginning of Section 9 yields 



a r (X) = T r (-X). 



Thus t{X) = £ 



ra2,...,m„ ^2,-^' 



n W =2 Tr(-X) m r. 



Proposition |10.2| is proved by comparing Theorem |9.12| (b) (applied to ( |10.2| )) with The- 
orem |8J] (applied to ( |10.3| )). Proposition p,0 .3| is obtained by applying Theorem |9.11| (b) to 
both sides of (|10.4|) and examining the restrictions to T 2g (which are computed in Lemmas 

nni and pnq ). 



Propositions |10.2| and |10.3| enable us to extract formulas for all pairings, by differentiating 
the formulas (|10.3|) and ( 10.4 ) with respect to the parameters 5 T and s{ and then setting 
these parameters equal to zero. In fact, for any nonnegative integers n r (for r > 3) we have 



KA Ufr^{r(X))e X pf 2 , 
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and likewise for any nonnegative integers n r (with ri2 = 0) and any choices of p r j r = 0, 1 we 
have 



K( X )) eX P f{q) 



<5 r =0, S r j=0 



n 2g 

$(r(X))exp/ 2 n/r no*-) 

r=2 j r =l 



IM(n,d) 

(where the parameters 5 r and on the left hand side run over r = 2, . . . , n and j = 1, . . . , 2g). 



We can use Proposition |10.3| to give an explicit formula for pairings of the form 

r n 2g 



(10.5) 



r=2 fc r =l 



where p,.^ = or 1. We note that by Proposition 10.3 this equals 



d 



n 2g 

II II Ki)s ,. 

r=2k r =l Ui, r 



=0 V r,j 



where 



n— 1 9 n 

t(-X) = - E E E ^(^^(iKdr^Wfa 2 ?), 1 . 

a, 6=1 j=l r,s=2 



(10.6) 



(10.7) 



Here u a are an oriented orthonormal basis of t. We introduce T rs : k — > M given by0 

n-l 

T rs (-X) = - E {dT r ) x {u a ){dr 8 )x{u h ){d 2 q)- a l 

a,b=l 

Thus we may rewrite ( [L0.7|) as 

n g 

f(X)= E T rs (X)(E^ +9 )- (io.8) 

r,s=2 j=l 

We observe that in order for the pairing ( |10.5| ) to be nonzero, one requires p r j = or 1 for 
all r and j (since the V r are of odd degree). Further, in order for the expression ( |10.6|) to 
yield a nonzero answer, we require for each j — 1, . . . , g that 

P2,j + ■■■+ PnJ = P2,j+g + ■■■+ Pn,j+g = lj 

for some lj. We may then rewrite ( |10.6| ) as 
d \ / d d 



9 / d 



\ y ds J ri ' ' ' dsl h JK dslt 9 ' ' ' dsl+ gJ JM(n,d) 



$(r(X)expf(X))e j 



(10.9) 



s 3 r =0 V r,j 



16 



Notice that T rs is an invariant polynomial on k. 
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Because f is quadratic in the s{ and we are setting all the s{ to zero in the end, for each j 
we may represent the symbols and - f +g as 1-valent vertices (labelled by r) in a bipartite 
graph: there must be exactly one edge coming out of each of these vertices, and these edges 



must connect the symbol -^j with a symbol 
correspond to permutations <7j of {1, . . . , 
It follows from ( |TU75|) that 

d 8 



a.si +9 



for some s. Such bipartite graphs of course 



so that 



n( 



d 



d 



l v ds J n ds 3 r t . ' v dsii 9 dsi 



dsl dd +9 







t(X) = T rs (X) for any j 



d 



[ $(r(X)expf(X))e^ 

JM(n,d) V ' 



10.10) 



= i MM *(|E^, B (A') ■ ..T wlj>{ X)r { X)y 

where we sum over all permutations <jj of {1, . . . Hence we obtain by Remark |3.3| (a) 
and Lemma 16.11 



Theorem 10.5 



of 2 



= J MM * (6 E T n „ im (X) . . . T wli> (X)r { X)) e» 
which equals (— l) n+< - s_1 < 1 ^ times the iterated residue 

YlU ^ T n . w (-X) . . . T r , , (_X)r(-X)e-<M^> 



10.11) 



X! Resy 1=0 • • • Resy n _ 1=0 - 



V 2 °- 2 (X)(l - exp(-y 1 )) ■■■(!- exp(-y ft _ 1 )) 



Let u a (a = 1, . . . , n — 1) denote an oriented orthonormal basis on t. For X e t define 
coordinates Z a by Z a = (X, M a ) so that X = J2aZ a u a - Write the Maurer-Cartan form 9 on 
T as # = J2 a QaUa, then the a form a set of generators of if 1 (T). 

Definition 10.6 A set of generators {Q} (j — 1, . . . , 2g; a = 1, . . . , n — 1) for H l {T 29 ) is 
defined by by specifying that Q = irW a where itj : T 29 — > T z's t/ie projection onto the j 7 th 
copy ofT. 



Lemma 10.7 We have j T Q\ A. . . f\6 n -\ = vol (T). i/ere, vol (T) z's the Riemannian volume 
ofT = t/A 1 in the metric (•, •): in other words it is given by (detE)z = ^Jn~ where E is the 
(n — 1) x in — 1) matrix (known as the Cartan matrix) given by E a b = (e a , e&) in terms of the 
basis for the integer lattice A 7 C t over 7L given by the simple roots {e a }, a — 1, . . . , n — 1. 
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Lemma 10.8 The restriction of f( q )(X)i to T 2,9 is given in terms of the generators Q of 
//' C/--" ) by 

Z a,b j=l 

where {u a } are an oriented orthonormal basis oft. 

Proof: We need to understand the restriction of f\ q ) to T 2,9 . As in (|9.6|) , we have 

g 

= (E(- eV 7j X eV ^ + eV 7? +s X eV ^ +9 )*$f(9)P0 + 



(E(- ev 7j +s x ev, i+9 +ev 7 o x ev Xj )*<!>« (q)(X) G Q* K (K 29 ) 
where (after restricting to T x T x T) 

&Z(q)\TxTxT(-X) = I qQ2dtkO W +X) G H* T (T x T x T) 

•/(to,tl,ta)eA a fc=0 



(10.12) 



(|3, above (5.6)) and $f( 9 ) = a 2 *$f(g) where a 2 : (^^ 2 ) h-> (<?i<7 2 , <?2, 1). By (|i0l2D we 
have 

*?(ff)|rxT(-X) = ^E^a^KX 2 G ^(T x T). (10.13) 



o,6 



For the purposes of evaluation on T 2g the generators 7J in ( |9.6| ) reduce to 
where x\, . . . , x<i g are the chosen generators of F 29 . So we get from (|9.6|) 



/(,)P0i It^ = E(- ev ^+ s x ev ^ +ev x . x ev XJ+ J $f(g)(X). 



We find that 

/(9)( _ ^)l|r 2 9 



0,6 



Similarly for A G t C k we have 

4)(-X) 2 (A) = -(dq) x (A) 



(see Lemma 9.8). 



As a result we see immediately that 
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Lemma 10.9 Suppose cexpA = 1. Then we have 



f exp / (9) (-X)= f expf q2 (-X)(detH t (X)Y, 

JT 2 sx{A} JT 2 9x{A} 

= e -(dg)x(A) (d e t# t (X)) 9 expcj 

where uj is the standard symplectic form on T 2g and the quadratic form (X) is the Hessian 
of the restriction of —q tot ( evaluated on an oriented orthonormal basis oft ). In other words, 

H t (X) ab = -(d 2 q)x(u a ,Ub) 
where {u a : a = 1, . . . , n — 1} is an oriented orthonormal basis for t. 

Proof: This follows by integrating 

a,b j=l 

over T 2g . (Notice that d 2 q(u a ,Ub) is symmetric in a and b.) □ 
Lemma 10.10 We have that 

/ exp uj = n 9 . 

JT 2 3 



Proof: This follows from Lemmas |10.7| and |10.8j □ 



In order to prove Proposition |10.2| , note that by Theorem |9.11| (b), we have that 



AT„(c) 

equals - — '— times the iterated residue 



WGWn-l 



'V(X) 2 9- 2 (1 - e-^W-O ... (1 - e-W)' 



This applies in particular when r\ (X) = r(— X) is a linear combination of monomials fir 
in the a r which does not involve the bl; since a r (X) = r r (— X), it is natural to write r](—X) 
t(X). For 7] of this form, the expression above equals 

(_l)Ms-i) f T29x{ _ [[wm eM- x \detH t (X)) 9 r(X) 
- Resy 1=0 . . . K,esy n _ 1=0 ; 



n l 



'V(X) 2 9- 2 (1 - e- B W«-i) ... (1 - e~ B W\ 



wew n -! 
by Lemma |10.9| . 

We now replace X by B~ 1 {X) (where the transformation B^ 1 : k — > k was defined above 
Prop osit ion |1 . 2| ) . This change of variables produces a Jacobian (detH^B-^X))) . Thus 



we obtain that 

/ $(Pe*«>q) = { ~ ir+i9 ^ £ Res^o-.-Res^.^offdetFt^-^X))'^ 



X 

(10.14) 
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!T^ { - {[wm ^i-B-HX)) T{B -X {X)) 



V 29 - 2 (B-\X)){\ - e- y -i) ... (1 - e- y j ' 

Now we have 
Lemma 10.11 

V\B-\X)) = D 2 (X)(det(-d 2 g) t x)-\ 

where (d 2 q)^.± denotes the restriction of the symmetric bilinear form (d 2 q)x on k to a sym- 
metric bilinear form on t -1 , which is then identified with a linear map from t -1 to itself using 
the fixed invariant inner product. 



This lemma will be used in establishing Proposition |10.2| since the Hessian H appearing in 



that proposition is the Hessian of the (iT-invariant) function — q : k — > R, which is block 
diagonal with one block being the Hessian of the restriction of this function to t and the 
other block being — (d 2 q)^.±. 

Proof: We introduce the (orthonormal) basis X 7 , Y-y for t -1 corresponding to the positive 
roots 7, and a corresponding system of coordinates x 7 , y 1 on t x : we have 

[X 7 , X] = 7(X)F 7 , [y 7) X] = - 7 (X)X 7 . 

We observe that the map B and its inverse B^ 1 on k are i^-equivariant, and map t to t and 
t 1 - to t x . Hence 

(d J B- 1 ) x ([X 7 ,X]) = [X 1} B-\X)] (10.15) 

and 

B- l ( Adexp(X 7 )(X) j = PAexv(Xj(B-\X)), 



and similarly for Y 1 . We find 

1{B-\X)) 
7 (X) 



(d(B~ 1 )y i ) x (Y J ) = (d(B- l ) Xi ) x (X,) (10.16) 



where (_B _1 ) X7 , (B^ 1 

)y-y '■ t ~~ f ^ are the coordinate functions in the directions x 7 and y 7 . 

Thus, 

V 2 {B-\X)) = V 2 (X)(detd{B- 1 ) ± ) (10.17) 
= £> 2 (X)(det -d 2 q) t l 

where d^B^ 1 )^ is the square matrix of partial derivatives of the t -1 components of B^ 1 in 
the directions along t -1 . This completes the proof of Lemma pLO.ll . □ 



Proposition pL0.2| now follows immediately by using ( |10.14j ) and Lemma |10.11| to express 



( |10.2| ) as an iterated residue, and observing that Theorem |3.1| (in the version given by Remark 



(a)) yields the same iterated residue for ( 10.3 ) 



Let us now consider the proof of Proposition |10.3| . For the rest of this section let a = 
1, . . . , n — 1 index an oriented orthonormal basis {u a } of t. We have bl(X) = pr^' 1 where 
ty 1 = ev Xj *$f (r r ) and $f (r r ) = cr*$f (r r ) where $f (r r ) was defined by (^). Also, sc 3 - (for 
j = 1, . . . , 2g) are our chosen set of generators of Hi(E). 
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Theorem [D] applies when r](X) = r(X) exp Y%=\ J2 r >2 s iH(X) for s{, G C and r G 
S{k*) K . Define S j G S(k*) x by S^'(X) = Er>2^r r (X); we then define 6 J 5J by ^(X) = 

Lemma 10.12 (a) The restriction to T 2g of W r {-X) is EaZl(dT r ) x (u a )Q where ( 3 a (for 
a = 1, . . . , n — 1 and j = 1, . . . , 2g) are the elements of the basis of ff 1 (T 29 ) corresponding 
to an oriented orthonormal basis {u a } fort. 



(b) The restriction to T 2g of I L(-X) is EaZl(dS- 



)x(u a )Q. 



Proof: We have by (8.21) of H that 

V r {X\ = e Va: .*$f (r P ). 

By (U) we have that 



n-l 



$f {r r )\ T 2 S {-X) = al$f(T r )\ T2g (-X) = J2( d ^)x(u a )9a 



SO 



a=l 
n-l 



6j(-X)i | r2s =ev,>^f(<r r )| T2g (-X) = *E{dT r ) x (u a )Ci 



a=l 



□ 



since the generators of H l (T 2g ) become identified with the components 9 a of the Maurer- 
Cartan form on the j-th copy of T in T 2g . 

Lemma 10.13 In the notation introduced just before Lemma we have 



T 2 s 



exp/ ((? )(-X)expJ]s^(-X) = / exp f( q ){-X) expf(X) 



where 



j,r 



n-l g 



T 2 s 



10.18) 



*W = " E Y,^)x{ua){dS^) x {u b ){d 2 q)-J 

a,b=lj=l 

= - E E E^>r)x(fi.)(*-,U(fi.)W. 

a,6=l r,s=2 j=l 



10.19) 



i/ere, {u a : a = 1, . . . , n — 1} denotes an oriented orthonormal basis oft. 
Proof: We need to consider the left hand side of ( |10.18| ), which is 

exp / (ff) (-X) exp £ 



T 2 9 



(10.20) 



By Lemma [l0.8| the restriction of X) to T 29 is exp — ~ Y^a,b J2j=i(d 2 q)x(u a , Ub)((i(i +g '■ 
Q +9 Cb) while expY^j,r s rH(~ X) restricts on T 2g (by Lemma |10.12| ) to 



n-l 



eX PE S rE( rf ^)^K)Ca- 
r,j a=l 
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Thus for any given j — 1, . . . , g we must compute the integral 

/ 2 exp (E V^ T y T /2 + E y a BJ 



10.21) 



where a runs over pairs (a, z) for a = 1, . . . , n — 1 and i — 0, 1 (where i = corresponds to j 
and i = 1 to j + g) and y ai i = Ca +9 *- Here, the matrix A is given by 

A a0M = -(d 2 q)x(u a ,Ub) = -A al ' b0 ; l a0 ' b0 = A al ' bl = 0; (10.22) 

thus the Pfafhan of A (whose square is det A) is given by 

Pf(l) = det(-<9 2 g| t ). 

For j = 1, . . . , g the vector Bj is 

Bf = -(dS*)x(ua) ; Bf = -(dSi+9) x {u a ). (10.23) 

The result is that 

/ exp(Y,y* AffT yT/2 + Y,y° B !) = 1 2 ^V^Ly^y T /2)eM-B]A- l B ] )/2 (10.24) 

a,r a •' T cr,r 

= Pf{A)exp(-B t J A- 1 B J )/2, 
where Bj denotes the transpose of the vector Bj. Thus we find that ( [10.201 ) becomes 

det(-«9 2 g| t )*exp( £ E(^k(«a)(^ +fl )x(w 6 )(5 2 g);^ , (10.25) 

\a,6=l j=l / 

which equals the right hand side of ( 10.18 ) . This completes the proof of Lemma |10.13| . □ 
Proposition pL0.3| follows from Theorem |9.11| once we have shown that 



T 2 9 



exp/ (<?) (-X)expE^^.(-X) = / exp f( q ){-X) expfpT) 



r>2 



T 2 9 



where f is given by (|10.7|) . This is now clear from Lemma |10.13 



□ 



11 The Verlinde formula 

The Verlinde formula is a formula for the dimension D n d(g, k) of the space of holomorphic 
sections of powers of C , where C is a particular line bundle over A4(n, d)\ it has been proved 
by Beauville and Laszlo |J, Faltings ||20|| , Kumar, Narasimhan and Ramanathan |38j and 
Tsuchiya, Ueno and Yamada . In this section we show how the Verlinde formula follows 
from our formula (Theorem |8.1| ) for intersection pairings in Ai(n, d). 

A line bundle C over J\A(n,d) may be defined for which Ci(£) = nf 2 , since nf 2 G 
H 2 (Ai(n,d),Z) (see [16||). As described in Section 1, this bundle is the determinant line 



bundle. Whenever k is a positive integer divisible by n, we then define 

D n ,d(9,k) = dim H°(M(n,d),C h/n ). 



11.1) 
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Let us introduce 

r = k + n; 

let us also introduce the highest root 7 max , which is given by 7 max (- 5 = X n — X\ or 7 max = 
ei + e 2 + • • • + e„_i. We then make the following definition: 

Definition 11.1 The Verlinde function V nt d(g,k) is given by 

g— 27ri(A— p,c) 

V n ,d{g, k) = (q^(h)\2g-2 

where p is half the sum of the positive roots and 

S ^( k ) = ^Jn-m n 2sin7r( 7 ,A)/r. 

(See [^] (A. 44) and [||9| (3.16).) Verlinde's conjecture says that the Verlinde function 
specifies the dimension of the space of holomorphic sections of C k ^ n : 

Theorem 11.2 (Verlinde's conjecture) 

D n ,d(g, k) = V n>d {g, k). 

We shall show how to extract Verlinde's conjecture from our previous results: an outline of 
the method we use was given by Szenes j|5] (Section 4.2). 

In fact H l (A4(n, d), C m ) = for alH > and m > by an argument using the Kodaira 
vanishing theorem and the facts that £ is a positive line bundle and the canonical bundle of 
A4(n, d) is equal to C~ 2 (see || Section 5 and Theoreme F of |16|), so D n d (g, k) is given for 
k > by the Riemann-Roch formula: 

D n , d (g,k) = / ch£ k / n tdM(n,d). (11.2) 

JM. (n,d) 



We use the following results to convert ( 11.2 ) into a form to which we may apply our previous 
results. 

Lemma 11.3 For any complex manifold M the Todd class of M is given by 

td(M) = e Cl(M)/2 i(M) 

where C\(M) is the first Chern class of the holomorphic tangent bundle of M, and A(M) is 
the A-roof genus of M . 



Proof: See for example [^2|, pages 97-99. □ 
Proposition 11.4 We have 
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Proof: This is proved by NewsteadQ in . 
Lemma 11.5 We have 

Cl (M(n,d)) = 2nf 2 . 

Proof: This is proved in |T(|, Theoreme F . □ 
Of course the Chern character of £ fc / n is given by chC k/n = e kf2 . Thus we obtain 

Corollary 11.6 The quantity D n ^(g,k) is given by 

7(X) \2g-2 



JM(n.d) \i„ 



I Mm \J-i o e 7W/a - e -7W/2 - 

Proof: This follows immediately from ( |1 1 . 2|) , Lemmas 1L3 and |11.5| and Proposition |11.4 .D 



Theorem 11.7 We have 

-\\n + (o—l) / 



e rw x 



Am&, k ) = — | — E Resy 1=0 . . . Resy n _ 1=0 e r ^>V f 

nr ^ i \ fll31 



Proof: This comes straight from Corollary |11.6| and Theorem |8.1| . Note that because the 



factor e^ 2 in the statement of Theorem |0] has been replaced by e r ^ 2 , it is necessary to replace 

e ([[wc]],X) by e r([M],X) j and e Yj _ l by e rY, _ l ( cf Remark ||J ( C ) ). □ 

We introduce Zj = expYj. Since for any w G VFn-i we have that 
[[wc\] = [[wc]] 1 ei + [[wc]] 2 e 2 + . . . + [[wc]] n _ x e^ x 
(as in the statement of Proposition |2.2p with nfjwcjj^ G Z for all j, and < [[tuc]] ■ < 1 for 



««;„_, r 



all j, we obtain 

r{[[tuc|] X ) — 7^ wS i\l r 7^\\2 r yll wc l. 
e — Zj x Zj 2 • • • "n-l 

(Recall that k and r are divisible by n so e r( - c ' x ' } is a well defined single valued function of 
Z\, . . . , Z n -i.) Thus we can equate D Ui d(g, k) with 



£_l)i+(ff-i) I 'n-i 1 



f X f 

£ ^...Res^^n-)/^ 



^1 ^2 ■ ■ ■ fV-1 

n 7>0 (7 1/2 - 7-V2)2,-2 (Z[ _!)... (Z r_ x _ ^ 



17 Newstead writes the details of the proof only for n — 2 but the same proof yields the result for general 

n. 
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£ Res Zl=1 ...Res z „_ 1=1 1 (U - x (11.4) 



toeVKn-i \ 3=1 ^3 

y-llwc}]^- y -[[wc]] 2 r -[[wc]] n _ ir v 
rw £l ^2 ■ ■ ■ A n-1 \ 

It** 6 n 7>0 (7 1/2 - r 1/2 ) 29 ~ 2 (zr - 1) . . . -i))- 

Here, we have introduced 7 denned (for the root 7 = e r + e r+ i + . . . + e s _i) by 

7(Z 1; . . . , Z n _i) — Z r . . . Z s _\. 

We also have 
Lemma 11.8 

e~ = n 

T 2 



and hence 

It-'! 

Proof: This follows from Lemma |10.10| . □ 
The following may be proved by the same method as in Section 2 (see f45|): 

Proposition 11.9 Suppose f is the meromorphic function on the complexification T c ofT 
defined by 

y—c\r y—c n -\r 

f(Z) = (-l)n-l(-i r to-l) r (^ (H.5) 
Then we have that 



((i 1 . 1 -H. M ...R«^ lrf e n(^) n ,"r^ V e 

(11.6) 

iJere, W ra _i is the permutation group on {1, . . . , n — 1} which is (isomorphic to) the Weyl 
group of SU(n — 1), and [[wf]] is the function 

M](Z) = (-l)--^-!)-^-^^ 1 )^ 1 )^- 1 ^^^^-; ^ 2)2g _ 2 - (11.7) 



/(exp 2m\/r). 



Remark: Notice that we have 

r-l 



£ /(e X p27rzA/r) = ^- £ /( 

■/\ ~ n m,=l 



e 2 *' i (X)j«W)/» - 



AeA» g nt + :(A,7 max )<r 

(Here, the Wj are the fundamental weights, which are dual to the simple roots.) The set 
{X G t : X = J2j^j e ~j,® — < 1, j = 1, . . . , n — 1} is a fundamental domain for 
the action of the integer lattice A 7 on t, while the set {X 6 t + C t : 7max(X) < 1} is 
a fundamental domain for the affine Weyl group Wag (the semidirect product of the Weyl 
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group and the integer lattice), and A 7 has index (n — 1)! (rather than n!) in Waff (in other 
words a fundamental domain for A 1 contains (n — 1)! fundamental domains for Waff)- This 
difference accounts for the factor l/(n — 1)! in Proposition 11. 9| which replaces the factor 



l/n\ in its analogue Proposition 



Applying Proposition |11.9| we find (recalling from Section 2 that (—1)" 1 = c p when n 
and d are coprime) that 

p —2iri{c,\) 



J-^ TT C e 27ri(^,A> _ -27ri{^,A)\2 ff -2- 

AeA» g nt + :<A, 7max )<r 11 7>0l e e J 

(11.8) 

This gives 



g -2ni{c,\~p) 



A e A, cg nt +:( A, 7max> <^ n 7 >o(^sm7r( 7) A)/r)^ 



r («- 1 )(9- 1 ) n 9- 1 



e 



-2ni(c,\—p) 



E _ - . ^f^ - (ii-io) 



AeA» g nt +: (A,7 max )<r n 7 >o(2 sin - 

Comparing with Definition |11.1| , we see that D n( i(g,k) = V nt d{g,k). This completes the 
proof of Theorem |11.2|. □ 
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